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Abstract—We propose an information-theoretic approach to
optimize non-uniform bit-line swings for static random access
memories (SRAMs). We formulate convex optimization problems
whose objectives are to minimize energy (for low-power SRAMs),
maximize speed (for high-speed SRAMs), and minimize energydelay product for a given constraint on mean squared error of retrieved words. We show that these optimization problems can be
interpreted as generalized water-filling including classical waterfilling, ground-flattening and water-filling, and sand-pouring and
water-filling, respectively. Numerical results show that energyoptimal swing assignment reduces energy consumption by half
at a peak signal-to-noise ratio of 30dB for an 8-bit accessed word.

I. I NTRODUCTION
The historical scaling of transistor feature size per Moore’s
Law [1] has driven the growth of the semiconductor industry
since the 1960’s. Though feature sizes reduction leads to
higher functional density, reduced energy consumption, and
faster operation, reduction into the deep nanoscale regime today has also led, among other problems, to increased stochastic
behavior of semiconductor devices and circuits, which in turn
has slowed down Moore’s Law. The current scenario in the
semiconductor sector presents a unique opportunity for the use
of information-theoretic approaches to the design of reliable
computing systems on unreliable nanoscale fabrics [2], [3].
We focus on the energy cost of memory accesses which
tend to dominate the energy cost of data-centric workloads.
An effective technique to reduce static random access memory
(SRAM) read energy is to reduce the operating supply voltage
and the internal signal swings. Doing so makes SRAM reads
increasingly stochastic, e.g., bit error-rate (BER) increases. We
address the problem of optimizing the SRAM read access
energy while preserving a required level of fidelity via an
information-theoretic approach (water-filling).
In many applications including signal processing and machine learning (ML), the impact of bit errors depends on
bit position. For example, errors in the most significant bits
(MSBs) of image pixels degrade overall image quality much
more than errors in the least significant bits (LSBs). Likewise,
an MSB error can cause a catastrophic loss in the inference
accuracy of ML applications. Until now, the following techThis work was supported in part by Systems on Nanoscale Information
fabriCs (SONIC), one of the six SRC STARnet Centers, sponsored by
MARCO and DARPA.

niques have been proposed to address the different impacts of
each bit position for energy efficiency:
1) Storing the MSBs in more robust bit cells and the LSBs
in less robust cells [4],
2) Unequal error protection (UEP) [5],
3) LSB dropping (dropping the LSBs at the cost of reduced
arithmetic precision) [6].
The first approach requires costly bit-cell redesign and
manual array reorganization [4]. Fine-grained UEP [5] requires
more complicated hardware implementations and provides
usually two levels of granularity (e.g., strongly/weakly protected). LSB dropping [6] enables dynamic fidelity control
by changing the number of dropped LSBs. However, LSB
dropping allows two levels of granularity (dropped/undropped)
for each bit position. In [6], selective error control codes were
proposed by combining UEP and LSB dropping. Since parity
bits are stored in dropped LSB-cells, the encoded data has the
same length as the uncoded data. In [7], the authors proposed
adaptive coding techniques for different computations inspired
by selective ECC techniques.
In this paper, we propose an information-theoretic approach
to determine the optimal BL swing assignments after building
an abstract model of SRAMs. For a given constraint on mean
squared error (MSE) of retrieved words, we formulate convex
optimization problems whose objectives are
C1. Minimize energy (low-power SRAMs),
C2. Maximize speed (high-speed SRAMs),
C3. Minimize energy-delay product (EDP).
Solutions to these convex problems yield optimal performance
that is theoretically attainable.
Importantly, we provide generalized water-filling interpretations for our optimal solutions. This follows since accessing
a B-bit word is equivalent to communicating information
through B parallel channels. In classical water-filling, the
ground represents the noise levels of parallel channels [8].
On the other hand, the importance of each bit position determines the ground level in our optimization problems. Each
optimization problem has its own interpretation depending on
its objective function: water-filling (C1), ground-flattening and
water-filling (C2), and sand-pouring and water-filling (C3),
respectively. We also observe interesting connections between
our problems and variants on water-filling such as constant
water-filling [9] and mercury/water-filling [10].

where 1 denotes the all-one vector and the superscript T
denotes transpose. Also, ∆ = (∆0 , . . . , ∆B−1 ) where ∆b
denotes the swing for the bth bit position in a B-bit word.
Note that Earray ∝ E(∆).
Definition 2: The maximum swing corresponding to a B-bit
word is
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Fig. 1. A typical NBL × NWL SRAM block (NBL = 6 and NWL = 5).

The rest of this paper is organized as follows. Section II
introduces key metrics of energy, delay, and fidelity. Section III
formulates convex optimization problems to determine the
optimum bit-level swings and provides generalized waterfilling interpretations. Section IV gives numerical results and
Section V concludes.
II. SRAM M ETRICS FOR R ESOURCE AND F IDELITY
The read access energy Earray is the dominant contributor
to energy consumption in high-density SRAMs during normal
read operations [11], which is given by
Earray ∝ NBL NWL Cbit Vdd ∆

(1)

where NBL and NWL are the numbers of bit-lines (BLs) and
word-lines (WLs) in a memory bank, respectively. Cbit is the
BL capacitance per bit cell and Vdd is the supply voltage. Also,
∆ denotes the BL voltage swing in read access. As shown in
Fig. 1, the voltage swing ∆ is the voltage difference between
BL and BL-bar (BLB). This voltage difference occurs because
either BL or BLB is discharged according to the stored bit. A
sense amplifier detects which line (BL or BLB) has the higher
voltage and decides whether the corresponding bit cell stores
1 or 0.
The swing ∆ can be controlled by changing the WL pulsewidth (i.e., WL activation time) TWL since
∆ ∝ TWL

(2)

From (1) and (2), we observe that Earray is directly proportional
to TWL . Also, TWL affects the read access time [11].
Since larger voltage swing ∆ improves noise margin, there
are trade-off relations between reliability, energy, and delay.
In the following subsections, we build an abstract model by
taking into these SRAM properties.
A. Resource Metrics for Accessing B-bit Word
We define resource metrics for energy, delay, and EDP for
accessing a B-bit word.
Definition 1: The read energy to access a B-bit word is
E(∆) =

B−1
X
b=0

∆b = 1T ∆

(3)

(4)

If we allot non-uniform swings for each bit position,
the access time for a B-bit word depends on Tmax =
max{TWL,0 , . . . , TWL,B−1 } where TWL,b denotes the WL
pulse-width for the bth bit position. Note that Tmax is the
pulse-width corresponding to the maximum swing ρ because
of (2). Hence, the maximum swing ρ is a proper metric to be
minimized to maximize read speed.
The EDP is a fundamental metric as it captures the tradeoff between energy and delay [12]. We define the EDP for
accessing a B-bit word based on Definitions 1 and 2.
Definition 3: The EDP to access a B-bit word is
EDP(∆) = E(∆) · ρ = 1T ∆ · ρ.

(5)

B. Fidelity Metric for Accessing B-bit Word
We will define a fidelity metric for accessing a B-bit
word. Suppose that a B-bit word x = (x0 , . . . , xB−1 ) is
stored in SRAM cells, where x0 and xB−1 are the LSB
and MSB,
Note that x can be represented
 B by
PB−1respectively.
b
x =
2
x
where
x
∈
{0,
1}
and
x
∈
0, 2 − 1
b
b
b=0
(for integers i and j such that i < j, [i, j] = {i, . . . , j}).
Also, x
b = (b
x0 , . . . , x
bB−1 ) denotes the retrieved B-bit word. A
decision error flips the original bit xb as follows: x
bb = xb ⊕ b
where ⊕ denotes XOR operator and b = 1 denotes a bit error
in bth bit position.
The decimal representation of the retrieved
PB−1
b
word is x
b =
bb . The decimal error e is given by
b=0 2 x
PB−1
e=x
b − x = B=0 2b eb where eb = x
bb − xb ∈ {−1, 0, 1}.
Since major noise sources of SRAMs are well modeled as
Gaussian distributions [13], the error probability of the bth bit
position is given by
 
∆b
(6)
pb = Pr (b = 1) = Q
σ
where ∆b and σ 2 denote the swing of bth bit position and
the noise variance in the corresponding
BL, respectively. Note
 2
R∞ 1
t
√
that Q(x) = x
exp − 2 dt. By increasing ∆b in (6),
2π
we can reduce pb . However, larger ∆b implies more energy
consumption and slower speed (see Definitions 1 and 2).
To measure memory retrieval reliability, bit error probability
(6) is not appropriate for many applications, since it does not
distinguish the differential impact of MSB and LSB errors.
Hence, we use the MSE as a fidelity metric.
Lemma 4: MSE(x) is a convex function of ∆. Hence,
MSE(x) is given by
 
B−1
X
∆b
MSE(x) = MSE(∆) =
.
(7)
4b Q
σ
b=0

Proof: The proof is given in [14].

TABLE I
R ESOURCE AND F IDELITY M ETRICS FOR S INGLE -B IT AND B- BIT W ORD
ACCESS
Single bit
B-bit word
Remarks
Energy

∆

E(∆) = 1T ∆

Definition 1

Delay

∆

ρ = max(∆)

Definition 2

EDP

∆2
 
p=Q ∆
σ

EDP(∆) = E(∆) · ρ
P b  ∆b 
MSE(∆) =
4 Q σ

Definition 3

Fidelity

III. O PTIMAL B IT-L EVEL S WINGS
We formulate convex optimization problems to determine
the optimum swings. For a given constraint on MSE, we
attempt to (1) minimize energy (low-power SRAMs), (2)
maximize speed (high-speed SRAMs), and (3) minimize EDP.
Also, we provide generalized water-filling interpretations of
these optimization problems based on KKT conditions.
A. Energy Minimization
We formulate the following optimization problem to minimize the read access energy for a given constraint on MSE.
minimize
∆

(8)

b=0

∆b ≥ 0,

b = 0, . . . , B − 1

where V is a constant corresponding to the given constraint of
MSE.
Since the objective and constraints are convex, the optimization problem (8) is convex. The optimal solution can be
derived by KKT conditions.
Theorem 5: The optimal swing ∆∗ of (8) is given by
√

,
if ν ≤ 42πσ
0,r
b


∆∗b =
(9)
b
4
σ 2 log √
·
ν
,
otherwise
2πσ
where ν is a dual variable.
Proof: We define the Lagrangian L1 (∆, ν, λ) associated
with problem (8) as
! B−1
 
B−1
X
X
∆b
T
b
L1 = 1 ∆ + ν
4 Q
−V −
λb ∆b (10)
σ
b=0

Water depth:
Ground level:

Lemma 4

Note that MSE(x) is the nonnegative weighted sum of bit
error probabilities. The weight 4b represents the differential
importance of each bit position. We show that MSE(x) is
convex. Table I summarizes the key resource and fidelity
metrics for single-bit and B-bit word accesses.

E(∆) = 1T ∆
 
B−1
X
∆b
≤V
subject to
4b Q
σ

Water level:

b=0

where ν and λ = (λ0 , . . . , λB−1 ) are the dual variables. The
optimal solution (9) is derived from L1 and the corresponding
KKT conditions. The details of proof are given in [14].
The optimal solution (9) can be interpreted as classical
water-filling as shown in Fig. 2. Each bit position can be
regarded as an individual channel among B parallel channels.
In the water-filling interpretation, the ground levels depend on
the importance of bit positions. We flood the bins to the water

0
(LSB)

B - 1 Bit position
(MSB)

b

Fig. 2. Water-filling interpretation of Theorem 5.

level of log ν. Since the MSB has the lowest ground level
and the LSB has the highest ground level, larger swings are
assigned to more √significant bit positions. For a bit position
, we can readily obtain the following
b such that ν > 42πσ
b
equation (see [14]):
√
∆2b
2πσ
log ν = log
+
(11)
4b
2σ 2
√

∆2

, and 2σb2 represent the water level, the
where log ν, log 42πσ
b
ground level, and the water depth, respectively. The water level
log ν depends on V in (8).
Remark 6 (LSB dropping and constant-power water-filling):
Constant-power water-filling activates the subset of parallel
channels but with a constant power allocation [9]. Constantpower water-filling in information theory is equivalent to LSB
dropping in circuit theory [6] since LSB dropping allocates
uniform swings for undropped bit positions.
B. Speed Maximization
Here, we maximize the speed of read access for a given
constraint on MSE. The maximum speed can be achieved by
minimizing ρ of (4) since ρ is proportional to the maximum
pulse-width Tmax . By introducing an additional variable ξ, we
can formulate the following convex optimization problem to
maximize the speed.
minimize
∆,ξ

subject to

ξ
B−1
X

4b Q

b=0



∆b
σ

0 ≤ ∆b ≤ ξ,



(12)

≤V
b = 0, . . . , B − 1

From KKT conditions, we can find that ξ = ρ [14].
Theorem 7: The optimal swing ∆∗ of (12) is given by
s
 B

4 −1
∗
√
∆b = ρ = ξ = σ 2 log
·ν
(13)
3 2πσ
for all b ∈ [0, B − 1]. Note that ν is a dual variable.
Proof: We define the Lagrangian L2 (∆, ξ, ν, λ, η) associated with problem (12) as
! B−1
 
B−1
X
X
∆b
b
L2 = ξ + ν
4 Q
−V −
λb ∆ b
σ
b=0

+

B−1
X
b=0

ηb (∆b − ξ)

b=0

(14)

TABLE II
S UMMARY OF G ENERALIZED WATER - FILLING
Water-filling interpretations
Ground levels

Water level:
Water depth:

Min energy
Max speed
Min EDP

Flattened
ground level:
0
(LSB)

B - 1 Bit position
(MSB)

b

Fig. 3. Ground-flattening and water-filling interpretation of Theorem 7.

Water-filling
Ground-flattening/water-filling
Sand-pouring/water-filling

Unflattened
Perfectly flattened
Partially flattened

which is derived by taking into account (5) and (12). We show
that ξ is equal to ρ (see [14]).
Theorem 10: The optimal swing ∆∗ of (16) is given by

Water level:

∆∗b =


if log νρ ≤ log
0,


ρ,
if log νρ ≥ log
r




b

σ 2 log √4 · νρ , otherwise
2πσ

Water depth:

Sand depth:

Ground level:

0
(LSB)

b

B - 1 Bit position
(MSB)

Fig. 4. Sand-pouring and water-filling interpretations of Theorem 10.

where ν, λ = (λ0 , . . . , λB−1 ) and η = (η0 , . . . , ηB−1 ) are
dual variables. The optimal solution (13) can be derived from
L2 and corresponding KKT conditions. The details of the
proof are given in [14].
The optimal solution (13) can be interpreted as groundflattening and water-filling. For any b ∈ [0, B − 1], we derive
the following equation (see [14]):
√
∆2b
2πσ
+
log
η
+
(15)
log ν = log
b
4b
2σ 2
√

, log ηb ,
where ηb is a dual variable. Note that log ν, log 42πσ
b
∆2b
and 2σ2 represent the water level, the ground level, the groundflattening term, and the water depth, respectively. Compared
with (11), we observe that (15) has an additional groundflattening term log ηb . From KKT conditions, we show that
log ηb = log 4B3−1 · 4b [14]. Hence, the flattened ground level
(i.e., the sum of the ground
level and the ground
flattening
√
√
term) is given by log 42πσ
+ log ηb = log 34B2πσ
,
which is
b
−1
constant for every bit position. Since the unequal ground levels
are flattened by the flattening terms, the water depths of all
bit positions are identical after water-filling (see Fig. 3).
Remark 8: Conventional uniform swing assignment maximizes the read access speed.
Remark 9: The overall BER is the sum
of bit error probaPB−1
bilities of all bit positions, i.e., BER = b=0 Q ∆σb . Since
Q(·) is convex [14], the uniform swing assignment minimizes
the overall BER.
C. EDP Minimization
We formulate the following convex optimization problem to
minimize EDP for a given constraint on MSE.
minimize
∆,ξ

subject to

1T ∆ · ξ
B−1
X
b=0

b

4 Q



∆b
σ

0 ≤ ∆b ≤ ξ,


≤V
b = 0, . . . , B − 1

(16)

√

2πσ
,
b
√4
ρ2
2πσ
+ 2σ
2,
4b

(17)

where ν is a dual variable.
Proof: We define the Lagrangian L3 (∆, ξ, ν, λ, η) associated with problem (16) as
! B−1
 
B−1
X
X
∆
b
L3 = 1T ∆ · ξ + ν
4b Q
−V −
λb ∆ b
σ
b=0

+

B−1
X

ηb (∆b − ξ)

b=0

(18)

b=0

where ν, λ = (λ0 , . . . , λB−1 ), and η = (η0 , . . . , ηB−1 ) are
dual variables. The optimal solution (17) can be derived from
L3 and corresponding KKT conditions. The details of the
proof are given in [14].
The following corollary shows the relation between the sand
depth and other metrics.
Corollary 11: The sand depth sb is given by
(
0, 
 if 0 ≤ ∆b < ρ,
sb =
(19)
ηb
log 1 + ρ , if ∆b = ρ
where ηb is a dual variable.
Proof: The proof is given in [14].
The optimal solution of (17) can be interpreted by sandpouring and water-filling as shown in Fig. 4. For log νρ >
√

log

2πσ
,
4b

we derive the following equation (see [14]):
√


ηb
ν
2πσ
∆2b
+
log
1
+
(20)
log = log
+
ρ
4b
ρ
2σ 2


√
∆2
where log νρ , log 42πσ
, log 1 + ηρb , and 2σb2 represent the
b
water level, the ground level, the sand depth, and the water
depth, respectively. Pouring sand suppresses the maximum
water depth (i.e., the maximum swing) and water-filling allocates swings by taking into account energy efficiency.
Remark 12 (Sand-pouring and mercury-filling): Sandpouring and water-filling has a connection to mercury/waterfilling [10] because both are two-level filling. In the
mercury/water-filling problem, the mercury is poured before
water-filling to fill the gap between an ideal Gaussian signal
and practical signal constellations, hence, each mercury depth
depends only on the corresponding signal constellation. On
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We formulated convex optimization problems to determine
the optimal swings for the objective functions of energy,
maximum delay, and EDP. By treating each bit position as an
individual channel, we interpreted bit-level swing optimization
problems as generalizations of water-filling involving sandpouring and ground-flattening.
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the other hand, sand-pouring depends on the ground levels and
sand depths are correlated with each other since sand-pouring
attempts to flatten the ground.
Table II summarizes generalized water-filling interpretations
for our optimization problems.
IV. N UMERICAL R ESULTS
We evaluate the solutions of the three optimization problems. Note that the solution of maximizing speed is equivalent
to the conventional uniform swing. Fig. 5 compares the read
energy consumption E(∆) as in Definition 1 for a given
constraint of peak signal-to-noise ratio (PSNR). The PSNR
2
(2B −1)
depends on the MSE, i.e., PSNR = 10 log10 MSE(∆) . At
PSNR = 30dB, the optimal solution of (8) (i.e., minimizing
energy) reduces the energy consumption by half for B = 8,
compared to uniform swing (i.e., maximizing speed).
Fig. 6 compares the maximum delay ρ as in Definition 2 for
a given PSNR. The conventional uniform swing minimizes the
maximum delay; hence it is the speed-optimal solution. The
swings minimizing energy achieve significant energy savings
at the cost of speed (e.g., the maximum delay increase of 20%
at PSNR = 30dB). The EDP-optimal swings increase only 8%
of maximum delay at PSNR = 30dB.
Fig. 7 compares the EDP for a given PSNR. As formulated,
the swings minimizing EDP show the best results. The EDP
can be reduced by 45% for B = 8 at PSNR = 30dB. Note
that slight loss of speed performance can result in significant
energy and EDP savings.
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