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Embedded Algorithmic Noise-Tolerance for Signal
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Path Decomposition
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Abstract—Low overhead error-resiliency techniques such as
algorithmic noise-tolerance (ANT) have been shown to be particularly effective for signal processing and machine learning kernels.
However, the overhead of conventional ANT can be as large as
30% due to the use of explicit estimator block. To overcome this
overhead, embedded ANT (E-ANT) is proposed [1] where the
estimator is embedded in the main computation block via data
path decomposition (DPD). E-ANT reduces the logic overhead
to be below 8% as compared with the 20% − 30% associated
with conventional reduced precision replica (RPR) ANT system
while maintaining the same error compensation functionality.
DPD was first proposed in our original paper [1] where its
benefits were studied in the case of a simple multiply-accumulator
(MAC) kernel. This paper builds upon [1] by: 1) providing
conditions for the existence of DPD, 2) demonstrating DPD for a
variety of commonly employed kernels in signal processing and
machine learning applications, and 3) evaluating the robustness
improvement and energy savings of DPD at the system level for
an SVM-based EEG seizure classification application. Simulation
results in a commercial 45 nm CMOS process show that E-ANT
can compensate for error rates up to 0.38 for errors in FE
only, and 0.17 for errors in FE and CE, while maintain a true
positive rate ptp > 0.9 and a false positive rate pf p ≤ 0.01. This
represents a greater than 3-orders-of-magnitude improvement in
error tolerance over the conventional system. This error tolerance
is employed to reduce energy via the use of voltage overscaling
(VOS). E-ANT is able to achieve 51% energy savings when errors
are in FE only, and up to 43% savings when errors are in both
FE and CE.

I. I NTRODUCTION
Error resiliency techniques have been proposed [2] to enhance energy efficiency by reducing design margins and compensating for the resultant errors. Large design margins arise
from the need to provide robustness in the presence of process,
voltage, and temperature variations [3], and represent an
energy overhead as high as 3×-to-4× [4]. The key to the use
of error resiliency for energy reduction is that such techniques
need to be low overhead and yet effective in compensating
for high error rates. Classical fault-tolerance techniques such
as N-modular redundancy (NMR) rely on replication of the
main computation block and as a result are ineffective for
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the purposes of energy reduction. Hence, low overhead error
resiliency techniques such as RAZOR [5], [6], error-detection
sequential (EDS) [7], confidence driven computing (CDC) [8]
and statistical error compensation (SEC) techniques [2] have
been proposed to enhance energy efficiency.
Error resiliency techniques have two sources of overhead:
error detection and error correction. Techniques such as RAZOR [5], [6], EDS [7], and CDC [8] achieve lower error
detection overhead compared with NMR. RAZOR employs
a shadow latch for error detection with an error detection
overhead of 1.2% (with 28.5% overhead in RAZOR flip flop).
EDS [7] employs a dynamic transition detector with a timeborrowing data path latch (TDTB) or a double sampling static
design with time-borrowing data path latch (DSTB) to achieve
error detection and the error detection overhead is similar to
RAZOR. CDC [8] employs fine-grained temporal redundancy
and confidence checking with an error detection overhead of
8%−46%. However, these techniques employ a roll back based
error correction scheme, thus incur error correction overhead
of greater than 2×, and can compensate for error rates < 0.01.
Unlike the roll back based techniques, SEC is a class
of system level error compensation techniques that utilizes
signal and error statistics and hence is particularly well-suited
for signal processing and machine learning systems. These
techniques include algorithmic noise tolerance (ANT), soft
NMR, stochastic sensor network on a chip (SSNOC) [2], and
have been shown to compensate for error rates ranging from
0.21 to 0.89, with an combined error detection and correction
overhead ranging from 5% to 30% resulting in energy savings
ranging from 35% to 72%.
ANT [2], is a specific SEC technique that has been shown
to be effective in compensating for high error rates in signal
processing and machine learning kernels. For example, the
reduced precision replica (RPR) ANT technique and prediction
based ANT was employed to compensate for error rates of
0.27 ∼ 0.58 in an ECG processor [9], [10] while delivering the
required application-level performance. The overhead in ANT
ranges from 5% to 30% [9] due to the use of explicit estimator
blocks in error compensation. This overhead, though small
compared to other techniques, limits the achievable system
level energy efficiency between 28% ∼ 41%.
In this paper, we propose embedded statistical error compensation where the main block is reformulated at the architectural level to embed an estimator for low overhead error
detection and correction. In particular, embedded ANT (EANT) is proposed by embedding a RPR estimator into the
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main block via a technique called data path decomposition
(DPD). Such decomposition is achieved by decomposing the
main block into the most significant bit (MSB) and the least
significant bit (LSB) components and employing the MSB
component as the estimator output. As a result, DPD based
E-ANT achieves the same error compensation functionality
with lower complexity and improved energy savings as the
conventional ANT technique. DPD was first proposed in our
original paper [1] where its benefits were studied in the
case of a simple multiply-accumulator (MAC) kernel. This
paper builds upon [1] by: 1) providing conditions for the
existence of DPD, 2) demonstrating DPD for a variety of
commonly employed kernels in signal processing and machine
learning applications (filter, butterfly unit, exponential kernel
and others), and 3) evaluating the robustness improvement and
energy savings of DPD at the system level for an SVM-based
EEG seizure classification application.
E-ANT is applied to the design of an EEG seizure classification system [11] consisting of a frequency selective filter bank
as the feature extractor (FE) and a support vector machine
(SVM) as the classification engine (CE). Simulation results
in a commercial 45 nm CMOS process show that E-ANT
can compensate for error rates of up to 0.38 (errors in FE
only), up to 0.17 (errors in FE and CE), and maintain the true
positive rate ptp > 0.9 and false positive rate pf p ≤ 0.01. This
represents a greater than 3-orders-of-magnitude improvement
in error tolerance over the conventional architecture. This error
tolerance is employed to reduce energy via the use of voltage
overscaling (VOS). E-ANT is able to achieve 51% energy
savings when errors are in FE only, and up to 43% savings
when errors are in both FE and CE.
The rest of the paper is organized as follows. Section II
describes the background of the ANT technique and the SVM
EEG classification system architecture. Section III presents
E-ANT and derives E-ANT architectures for a wide class
of common signal processing and machine learning kernels.
Section IV presents the design optimization and application of
E-ANT to the SVM EEG classification system. Conclusions
are presented in Section V.
II. BACKGROUND

where yo , ya , and ye are the error-free, the M, and E-block
outputs, respectively. ANT exploits the difference in the error
statistics of η and e to detect and compensate for errors to
obtain the final corrected output ŷ as follows:

ŷ =

ya if |ya − ye | ≤ Th
ye otherwise

(3)

where Th is an application dependent threshold parameter
chosen to maximize the performance of ANT. In this paper,
Th is chosen to equal max(|yo − ye |) as this ensures that the
M-block output ya will always be selected [9] when the output
is error free. The error rate pη is defined as:
pη = 1 − Pη (0) = P r{η 6= 0}

(4)

where Pη (·) is the error probability mass function (PMF)
of η. The errors η are most conveniently obtained by applying
voltage overscaling (VOS) where the supply voltage Vdd is
scaled as follows:
Vdd = Kvos Vdd−crit

(5)

where Kvos is the voltage overscaling factor, and Vdd−crit
is the minimum voltage needed for error free operation in the
M-block. Note that for the ANT system to work properly, the
E-block is not permitted to make large magnitude errors such
as those arising from timing violations. This helps maintain
the difference in the error statistics at the output of the M and
E-block as shown in Fig. 1(b).

(a)

(b)

A. Conventional ANT
Conventional ANT incorporates a main block (M) and an
estimator (E) as shown Fig. 1(a). The M-block implements
the algorithm of interest and is conventionally error-free. In
ANT, the M-block is permitted to make errors, which are then
compensated for by the rest of the blocks in Fig. 1(a) including
the E-block. In RPR ANT, the E-block is obtained by reducing
the precision of the M-block. The M-block is subject to large
magnitude errors η (e.g., timing errors due to critical path
violations which typically occur in the MSBs) while the Eblock is subject to small magnitude errors e (see Fig. 1(b),
e.g., due to quantization noise in the LSBs), i.e.:
ya = yo + η

(1)

ye = yo + e

(2)

Figure 1. Algorithmic noise-tolerance (ANT): a) conventional architecture,
and b) the error statistics in the main (M) and estimator (E) blocks.

The performance improvement achieved by ANT can be
evaluated by employing a system level metric such as the
signal-to-noise ratio (SNR). Assume that the error-free output
in Fig. 1(a) is expressed as:
yo = s + n s

(6)

where s and ns represent the signal and noise components in
the error-free output yo , respectively. At the application level,
one is interested in the ratio of the signal power σs2 to the noise
powers at the outputs of the M, E-block and ANT system.
Thus, the following application level SNRs can be defined:
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B. EEG classification system using SVM
SN RM,a

=

SN RE,a

=

SN RAN T,a

=

σs2
)
+ ση2
σ2
10log10 ( 2 s 2 )
σ ns + σ e
σ2
10log10 ( 2 s 2 )
σ ns + σ nr

10log10 (

σn2 s

(7)
(8)
(9)

where σs2 , σn2 s , ση2 , σe2 , σy2o and σn2 r are the variances of
the signal s, noise ns , M-block hardware error η, E-block
estimation error e, error-free output yo , and residual error
nr = yo − ŷ, respectively. It is also of interest to evaluate
how ’noisy’ the circuit fabric is with respect to an error-free
(conventional) architecture. By definition, the output of such
an architecture is yo . Thus, we define the circuit level SNRs
as follows:

SN RM,c
SN RE,c
SN RAN T,c

σy2o
)
ση2
σy2
= 10log10 ( 2o )
σe
σy2
= 10log10 ( 2o )
σ nr
=

10log10 (

(10)

2

min 12 kwk + C
(11)
(12)

If error detection is ideal, then nr ∈ {0, e}, and its
probability mass function (PMF) Pηr (nr ) is given by:
(
Pηr (nr ) =

1 − pη
pη

Portable health monitoring is an important class of applications that can benefit from the design of energy efficient
machine learning kernels. It has been shown [12] that epileptic
seizures can be efficiently detected by analyzing the EEG
signal using an SVM kernel. The EEG seizure classification
system [12] shown in Fig. 2(a) consists of a frequency selective
filter bank to extract signal energy in the 0 − 20 Hz range and
a SVM classifier. The filter bank has passband of 3 Hz with
a transition band of 1.5 Hz. Eight channels are employed to
cover the entire frequency range [12].
SVM [13] is a popular supervised learning method for
classification and regression. An SVM operates by first training the model (the training phase) followed by classification
(the classification phase). During the training phase, feature
vectors with labels are used to train the model. During the
classification phase, the SVM produces a predictive label when
provided with a new feature vector. The SVM training can be
formulated as the following optimization problem to determine
the maximum margin classifier [13] (see Fig. 2(b)):
P

ξi

i

s.t.
yi (wT xi −b) ≥ 1−ξi
ξi ≥ 0

(15)

where C is the cost factor, ξi is the soft margin, xi is the
feature vector, yi is the label corresponding to the feature
vector xi , w is the weight vector, and b is the bias. The trained
model is represented by:

if nr = 0
if nr = e

y = woT x − b

(16)

where wo are the optimized weights. It can be shown that
the optimum weights are represented as a linear combination
of the feature vectors that lie on the margins (see Fig. 2(b)),
i.e., support vectors:

and
σn2 r = pη σe2
where pη is the error rate of the M-block defined in (4).
Therefore, (9) and (12) can be expressed as:

wo =

Ns
X

αi yi xs,i

(17)

i=1

SN RAN T,a

=

SN RAN T,c

=

σs2
)
2
σn + pη σe2
σy2
10log10 ( o2 )
p η σe
10log10 (

(13)

where Ns and xs,i are the number of support vectors and
ith support vector, respectively. The linear model can thus be
represented as:

(14)

Since e is the small magnitude LSB error and η is the
large magnitude MSB error, pη σe2  σe2  ση2 . This further
implies that SN RAN T,a  SN RE,a  SN RM,a , and
SN RAN T,c  SN RE,c  SN RM,c . Thus, the output SNR
of the ANT system is significantly greater than the SNR at the
output of either the M or E-block. This phenomenon occurs
in spite of the fact that the ANT system output ŷ ∈ {ya , ye }
(see Fig. 1(a)), i.e., ŷ equals the output of either the M or Eblock. The reason for this unique feature of ANT is because
it exploits the difference in the error statistics (see Fig. 1(b))
at the output of the M and E-block.

y=

Ns
X

αi yi xTs,i x − b

(18)

i=1

The linear SVM in (18) can be easily extended into nonlinear SVM by employing the kernel trick [13], resulting in:
y=

Ns
X

αi yi K(xs,i , x) − b

(19)

i=1

where K(xs,i , x) is a kernel function. Popular kernel functions include polynomial, radial basis function (RBF), and
others [14].
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xM = −x0 +

Bmsb
X−1

xi 2−i

(21)

i=1
BX
x −1

xL =

(a)

xi 2−(i−Bmsb +1)

(22)

i=Bmsb

Therefore, the M-block output is expressed as:
ya = f (x) = f (xM + xL 2−(Bmsb −1) )
In E-ANT, we decompose f (x) as follows:
ya = f (x)
= f (xM + xL 2−(Bmsb −1) )
= g(fM (xM ), fL (xM , xL ))
(b)
Figure 2. EEG seizure classifier with SVM: a) system architecture, and b)
principle of SVM.

III. P ROPOSED E-ANT T ECHNIQUE
The key idea in E-ANT is to reuse part of the M-block
to generate an estimate of its error-free output yo . This is in
contrast to conventional ANT, where an explicit E-block is
required. We will show that such embedding of the E-block
can be performed at the architectural level, where DPD is
proposed to transform an existing architecture into an error
resilient one.

In RPR ANT, the M and E-block process the same data but
with different precisions. This redundancy can be exploited to
embed the E-block into the M-block via DPD. In particular,
DPD decomposes the M-block into MSB and LSB components, and employs the output of the MSB component as an
estimate of the error-free M-block output yo . By ensuring that
the critical path of the MSB block is always shorter than that
of the M-block, the requirements on the error statistics (see
Fig. 1(b)) on the M and E-block are satisfied.
Let ya = f (x) denote the M-block functionality, where x
and ya are the input and output of the M-block, respectively.
A Bx -bit input x = x0 x1 ...xBx −1 can be written in 2’s
complement form [15], as follows:

= −x0 +
= xM +

where fM (xM ) and fL (xM , xL ) are functions that are
combined by the operator g(·) to generate the final output ya .
Since this decomposition utilizes the finite precision nature of
arithmetic units, it is referred to as DPD. We show that DPD
exists if f (x) is n-times differentiable or can be piecewise
approximated. An E-ANT system can be obtained via DPD by
ensuring that: 1) the critical path of fM (xM ) is shorter than
that of g(fM (xM ), fL (xM , xL )), and 2) fM (xM ) generates
an estimate ye of the error-free output yo . The operation of
DPD based E-ANT is described as follows:
ya = g(fM (xM ), fL (xM , xL ))
ye = fM (xM )

ya if |ya − ye | ≤ Th
ŷ =
ye otherwise
where Th is the error detection threshold as in (3). Next,
we describe several methods to achieve DPD.

A. DPD based E-ANT

x

(23)

BX
x −1

B. DPD via Taylor expansion
Taylor expansion can be employed to achieve DPD. If f (x)
is n-times differentiable in the input range x ∈ [xl , xu ]. In
the appendix A, we show that DPD for f (x) using Taylor
expansion is given by:
f (x) ≈ fM (xM ) + fL (xM , xL )
where
fM (xM )

= f (x0 )
n X
k
X
f (k) (x0 ) k
(
)(−x0 )k−i ]xi,M
+
[
i
k!
i=0
k=1

−i

xi 2
i=1
xL 2−(Bmsb −1)

(20)

where xM is the value of Bmsb MSB bits, and xL is the
value of Bx − Bmsb LSB bits, as shown below:

(24)

fL (xM , xL )

=

xi,M

=

xi,L

=

n X
k
X
f (k) (x0 ) k
[
(
)(−x0 )k−i ]xi,L
i
k!
i=0

k=1
xiM
i−1
X

(

j=0

i
)xjM (xL 2−(Bmsb −1) )i−j
j
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where xM and xL are defined in (21) and (22), respectively.
As a special case, when a first order Taylor expansion is
employed at x0 = 12 (xl + xu ), i.e., at center of the input
dynamic range, (24) simplifies into:
f (x) ≈ f (x0 ) + f 0 (x0 )(x − x0 )

f (x) ≈ f (x0 ) + f 0 (x0 )(xM + xL 2−(Bmsb −1)
−x0,M − x0,L 2−(Bmsb −1) )
= fM (xM ) + fL (xL )2−(Bmsb −1)

(26)

where

fL (xL )

pk,M (xM )
pk,L (xL )

(25)

where f 0 (x0 ) is the first order derivative of f (x) at x0 .
Substituting (20) into (25), we obtain the DPD of f (x) as
follows:

fM (xM )

where

= f (x0 ) + f 0 (x0 )(xM − x0,M )

and fM (xM ) can be used as the E-block. Note that in
the decomposition in (26), only x is decomposed into MSB
and LSB components and the factor f 0 (x0 ) remains in full
precision. If a simpler E-block is required, f 0 (x0 ) can also
be decomposed into MSB and LSB part, as shown in Section
III-D. The pivot point x0 should be chosen such that the error
metric, e.g., the mean square error, between the original and
the E-ANT kernel is minimized.

and pk,M (xM ) can be employed as the E-block.
Note that other piecewise approximation methods such as
spline interpolation [16] where each segment is approximated
with a low order polynomial can also be employed for DPD.
Each low order polynomial can be decomposed in a manner
similar to (24).
Next, we apply DPD to obtain E-ANT architectures for
arithmetic units and compute kernels commonly used in signal
processing and machine learning.

1) E-ANT Adder: The output of a two-operand adder is
given by:
ya = x1 + x2
where x1 and x2 are the input operands. We first decompose
the operands into MSB and LSB components according to
(20):

C. DPD via piecewise linear (PWL) approximation
The PWL approximation can be employed when f (x) (x ∈
[xl , xu ]) is non-differentiable or the input dynamic range is
large.
The PWL approximation employs N + 1 points (xk , f (xk ))
k
(xu − xl ) and k = 0, 1, ..., N to
where xk = xl + N
approximate f (x) as:
N
X

xk ≤ x < xk+1
otherwise
f (xk+1 )−f (xk )
,
xk+1 −xk

(27)
and bk =

xk+1 f (xk )−xk f (xk+1 )
.
xk+1 −xk

Each segment pk (x) can be decomposed
by noting that for a linear function p(x), substituting for x
from (20), we have
= p(xM + xL 2−(Bmsb −1) )
= p(xM ) + p(xL )2−(Bmsb −1)
Therefore, substituting (20) into (27), we obtain:
(
pk (x) =

= x1M + x1L 2−(Bmsb −1)

x2

= x2M + x2L 2−(Bmsb −1)

where xiM and xiL are defined in (21) and (22), respectively.
Since addition is a linear function, DPD can be easily
obtained from (28) as follows:

ya = x1M + x2M + x1L 2−(Bmsb −1) + x2L 2−(Bmsb −1)

where x0 = xl , xN = xu , ak =

p(x)

x1

pk (x)

k=1

(
ak x + bk
pk (x) =
0

= ak xL

D. E-ANT Arithmetic Unit Architectures

= f 0 (x0 )(xL − x0,L )

f (x) ≈

= ak xM + bk

pk,M (xM ) + pk,L (xL )2−(Bmsb −1)
0

(28)

= fM + fL 2−(Bmsb −1)

(30)

where fM = x1M + x2M and fL = x1L + x2L . The data
flow graph (DFG) and the symbol of the E-ANT adder are
shown in Fig. 3(a) and Fig. 3(b), respectively.
2) E-ANT Multiplier: Employing the DPD in (21)-(23), the
E-ANT multiplier can be derived as follows:

ya = x1 x2
= (x1M + x1L 2 −(Bmsb −1) )(x2M + x2L 2 −(Bmsb −1) )
= fM + fL 2 −(Bmsb −1)

(31)

xk ≤ x < xk+1
where fM = x1M x2M and fL = x1L x2M + x1 x2L . Fig.
4(a) and Fig. 4(b) show the DFG and symbol of the E-ANT
otherwise
(29) multiplier.
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The E-ANT MAC can be obtained by substituting (33)-(35)
in to (32), and employing (30)-(31) to decompose ya [n] as
follows:
ya [n] = xM [n]wM [n] + ya,M [n − 1]
+ (xL [n]wM [n] + (xM [n] + xL [n]2−(Bmsb−1 ) )wL [n]
+ ya,L [n − 1]2−(Bmsb −1) )2−(Bmsb −1)
= xM [n]wM [n] + ya,M [n − 1]

(a)

+ (xL [n]wM [n] + x[n]wL [n]
+ ya,L [n − 1]2−(Bmsb −1) )2−(Bmsb −1)
= fM + fL 2−(Bmsb −1)
+ ya,L [n − 1]2−(Bmsb −1) )2−(Bmsb −1)

where fM = xM [n]wM [n] + ya,M [n − 1] and fL =
xL [n]wM [n] + x[n]wL [n] + ya,L [n − 1]2−(Bmsb −1) . Fig. 5(a)
and Fig. 5(b) show the DFG and the symbol of the E-ANT
MAC.

(b)
Figure 3. E-ANT Adder: a) DFG, and b) symbol.

(a)

(a)

(b)

(b)

Figure 5. E-ANT MAC unit: a) DFG, and b) symbol.

Figure 4. E-ANT Multiplier: a) DFG, and b) symbol.

3) E-ANT multiply-accumulator (MAC): MAC operation is
described as:
ya [n] = x[n]w[n] + ya [n − 1]

(36)

(32)

We first decompose x[n], w[n] and y[n − 1] according to
(20):

E. E-ANT Signal Processing and Machine Learning Kernels
Complex E-ANT kernels can be derived by employing the
E-ANT arithmetic units derived in section III-D.
1) E-ANT FIR Filter: One of the most important kernels in
information processing is filtering/convolution. We can derive
an E-ANT FIR filter by employing (30)-(31) as follows:

ya [n] =

x[n] = xM [n] + xL [n]2−(Bmsb −1)

(33)

w[n] = wM [n] + wL [n]2−(Bmsb −1)

(34)

ya [n − 1] = ya,M [n − 1] + ya,L [n − 1]2−2(Bmsb −1)

(35)

=

N
−1
X
i=0
N
−1
X
i=0

w[i]x[n − i]

fiM +

X
i

fiL 2 −(Bmsb −1)
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where fiM = xM [n − i]wM [i] and fiL = xL [n − i]wM [i] +
x[n − i]wL [i] for i = 0...N − 1. Fig. 6 shows the DFGs of
the direct form and transposed form E-ANT FIR filter where
we make use of the symbols in Fig. 3(b), 4(b), and 5(b) to
simplify the DFGs.

Figure 7. DFG of the E-ANT FFT butterfly unit.
(a)

PWL approximation in Section III-C can be employed to
obtain E-ANT exponential kernels.
Assuming that the input dynamic range is scaled to [0,1], a
2nd order Taylor expansion leads to:

(b)
Figure 6. E-ANT FIR filter: a) the DFG of direct form FIR filter, and b) the
DFG of transposed form FIR filter.

2) E-ANT Fast Fourier Transform (FFT) Butterfly Unit
(BU): BU is the main data processing unit in FFT processors.
A general BU implements the following function:

ya = e−x ≈ e−x0 − e−x0 × (x − x0 ) +
When x0 = 0.5, (37) simplifies to
ya ≈ ax2 + bx + c

ya

where x1 and x2 are the inputs, y1 and y2 are the outputs,
and W is the twiddle factor. The real and imaginary parts are
denoted by r and i subscripts, respectively. E-ANT FFT BU
can be derived as shown in Table I.
Table I
DPD FOR FFT BU
y1r,a = x1r + x2r = y1r,M + y1r,L 2−(Bmsb −1) ,where
y1r,M = x1r,M + x2r,M and y1r,L = x1r,L + x2r,L .
y1i,a = x1i + x2i = y1i,M + y1i,L 2−(Bmsb −1) , where
y1i,M = x1i,M + x2i,M and y1i,L = x1i,L + x2i,L .
y2r,a = dr Wr − di Wi = y2r,M + y2r,L 2−(Bmsb −1) , where
y2r,M = dr,M Wr,M − di,M Wi,M and
y2r,L = dr,L Wr,M + dr Wr,L − (di,L Wi,M + di Wi,L ).
y2i,a = dr Wi + di Wr = y2i,M + y2i,L 2−(Bmsb −1) , where
y2i,M = dr,M Wi,M + di,M Wr,M and
y2i,L = dr,L Wi,M + dr Wi,L + di,L Wr,M + di Wr,L

The DFG of the E-ANT FFT BU is shown in Fig. 7.
3) E-ANT Exponential Kernel: Exponential kernel (e−x )
is a critical component in many machine learning algorithms
such as kernel SVM [12], [17], Gaussian Mixture Model [18],
and others [19], [20]. Taylor expansion in Section III-B and

(38)

where a = 0.3033, b = −0.9098, and c = 0.9856. The
Taylor expansion based E-ANT exponential block can thus be
derived from (24) as follows:

y1r,a = x1r + x2r
y1i,a = x1i + x2i
d = x1 − x2
y2r,a = dr Wr − di Wi
y2i,a = dr Wi + di Wr

e−x0 (x − x0 )2
(37)
2

≈ fM + fL 2−(Bmsb −1)

where
fM

= ax2M + bxM + c

fL

= a(2xM xL + x2L 2−(Bmsb −1) ) + bxL

The DFG is shown in Fig. 8(a).
Alternatively, PWL approximation can be employed to
obtain an E-ANT exponential kernel. Assume that two linear
functions on [0, 0.5] and [0.5, 1] are used to approximate the
exponential function on the interval [0, 1], then according to
(27):

a1 x + b1 0 ≤ x < 0.5
−x
ya = e ≈
a2 x + b2 0.5 ≤ x < 1
where a1 = −0.7869, b1 = 1, a2 = −0.4773 and b2 =
0.8452. We first decompose ai , bi (i = 1, 2) according to
(20):
ai = ai,M + ai,L 2−(Bmsb −1)
bi = bi,M + bi,L 2−2(Bmsb −1)
Since each segment is linear, they can be decomposed by
using (28):
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ya,i = ai x + bi
= fi,M + fi,L 2−(Bmsb −1)
where
fi,M

=

ai,M xM + bi,M

fi,L

=

ai,M xL + ai,L x + bi,L 2−(Bmsb −1)

The resultant E-ANT exponential kernel has a reconfigurable architecture where different approximations are chosen
according to the input values. The DFG of the PWL based
E-ANT exponential kernel is shown in Fig. 8(b).

(a)

(b)
Figure 8. DFG of the E-ANT exponential kernel: a) Taylor expansion based,
and b) PWL approximation based

IV. S IMULATION R ESULTS
This section presents the design optimization of the proposed E-ANT technique, and shows the simulation results in
a 45 nm CMOS process when E-ANT is applied to an SVM
EEG classification system. This system is chosen due to its
data path dominant architecture, which makes it an attractive
platform to apply DPD. It has been shown that other machine
learning methods such as extreme learning machines (ELMs)
[21], [22], [23] might outperform SVM in terms of learning
speed or accuracy in EEG seizure classification problems.
DPD is also applicable to these algorithms. However, in this
paper, we focus on SVM as it has been implemented in
integrated circuits [24] and hence offers a point of comparison.

A. Evaluation Methodology
Figure 9(a) shows the evaluation methodology employed
to quantify system-level performance metrics and to estimate
system-level energy consumption that integrates circuit, architecture, and system level design variables. The methodology
consists of two parts: 1) system-level error injection, and 2)
system-level energy estimation. Comparison of the proposed EANT with conventional approach (no error compensation) and
retraining based approach in [11] is done using a commercial
45 nm CMOS process. The results are shown in Section IV-E
in Fig. 14.
System-level error injection is done as follows:
1) Characterize delay vs. Vdd of basic gates such as AND
and XOR using HSPICE for 0.2 V ≤ Vdd ≤ 1.2 V.
2) Develop structural Verilog HDL models of key kernels
needed in the EEG classification system using the basic
gates characterized in Step 1. These kernels are a 12 b
input, 8 b coefficient, and 16 b output, 44-tap FIR filter
(used in the FE) and a 8 b input, 8 b coefficient, and 19 b
output vector-matrix multiplication kernel (used in the
SVM CE). In designing the FE and CE, floating point
models were first developed to verify functionality. To
convert floating point design to fixed point data path, we
instrumented the dynamic range at the output of the FIR
filter and the vector-matrix multiplication kernel using
application level data. The filter output was truncated
to 16 b with 1 b sign bit, 2 b integer length, and 13 b
fraction length. Full precision was maintained in the
absolute-sum block as shown in Fig. 12, and the output
was truncated and normalized to 8 b with 1 b sign bit,
and 7 b fraction as required by the SVM algorithm.
Truncation was performed at the output of the first and
second MAC in the CE (see Fig. 12) to manage bitgrowth in the similar manner.
3) HDL simulations of these kernels were conducted at
different voltages by including the appropriate voltagespecific delay numbers obtained in Step 1 into the HDL
model. The error PMFs of these kernels and error rates
pη are obtained for different supply voltages (and thus
voltage overscaling factor Kvos ).
4) System performance evaluation and design optimization
are done by injecting errors into a fixed point MATLABmodel of the EEG classification system. The errors are
obtained by sampling the error PMFs obtained in Step
3.
Figure 9(c) shows the error PMF Pη (η) of the 44-tap low pass
FIR filter used in the FE at Vdd = 0.9 V (fclk = 76 MHz)
which corresponds to a Kvos = 0.75 and an error rate pη =
0.05, and Fig. 9(d) shows the error rate pη increases from
10−5 at Vdd = 1.15 V to 0.99 at Vdd = 0.5 V as the voltage
scales down.
System-level energy estimation is done as follows:
1) Obtain a full adder (FA) count NF A of the kernel being
analyzed.
2) Conduct a one-time characterization of the energy consumption of a FA incorporating both dynamic and leakage energies as follows:
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is general enough to include the case when Bx,msb 6= Bw,msb .
A grid search algorithm is employed to systematically de∗
∗
termine the optimum setting Kvos
and Bmsb
satisfying the
performance metric, as shown in Algorithm 1 below. We adopt
mean squared error (MSE) with respect to the floating point
kernel as the performance metric:
M SE = E(ŷ − yf l )2
(a)

(c)

where ŷ and yf l indicate the E-ANT and floating point
output, respectively. The maximum E-block length Bmax
under which the E-block does not make errors is determined
by Kvos . The optimization routine gives the optimum E-ANT
∗
∗
configuration, including Kvos
, Bmsb
and minimum energy
∗
Eop , at the output.

(b)

(d)

Figure 9. Evaluation methodology: a) simulation setup, and b) comparison
of the energy model and HSPICE simulations in a 45 nm CMOS process, c)
error PMF at Vdd = 0.9 V, and d) error rate pη vs. Vdd for the 44-tap low
pass filter employed in the FE, the CHB-MIT EEG data set [11] is employed
as input.

2
EF A = CF A Vdd
+ Vdd Ileak (Vdd )

(41)

1
fclk

Algorithm 1 Energy optimization algorithm for E-ANT
∗
∗
∗
1. Initialize Kvos
= 1, Bmsb
= 0, Eop
= energy of conventional
MAC, M SEreq = specified MSE requirement.
2. Kvos = Kvos − ∆, Bmsb = 0. Obtain maximum E-block
precision Bmax to ensure error-free E-block operation.
3. Bmsb = Bmsb +1. If Bmsb > Bmax , then exit, else compute
M SE according to (23).
4. If M SE < M SEreq , then calculate energy E(Kvos )
according to (21), else go to step 3
∗
∗
∗
= E(Kvos ), and Bmsb
=
> E(Kvos ), then Eop
5. If Eop
Bmsb
6. Go to step 2

(39)

Algorithm 1 is employed to optimize E-ANT MAC for 8b
and 16b precision with MSE requirements of 10−2 ∼ 10−5 .
−ηd Vdd
−Vdd
−Vt
The iso-MSE plots in the Bmsb and pη plane (see Fig. 10(a)
W
Ileak (Vdd ) = µCox (m−1)VT2 e mVT e mVT (1−e VT ) and Fig. 10(c)) indicate that the optimum Bmsb increases as
L
(40) the error rate pη increases because a higher precision E-block
where CF A is the effective load capacitance of the is needed to compensate for the M-block errors. Figure 10(b)
FA and is extracted from HSPICE, Vdd is the supply shows that the 8 bit E-ANT MAC achieves energy savings of
voltage, Vt , VT , µ, Cox , and ηd are the threshold 16% ∼ 69%, while as the 8 bit ANT MAC fails to achieve
voltage, the thermal voltage, the carrier mobility, the gate energy savings at the tight MSE requirement of 10−5 due
capacitance per unit W/L, and the drain induced barrier to E-block overheads. Figure 10(d) shows that the 16 bit Elowering (DIBL) coefficient, respectively, obtained from ANT MAC achieves 59% energy savings compared with the
the process files, and m is a constant related to the sub- conventional MAC. The overhead of the E-ANT architecture
threshold slope factor and is a fitting parameter.
is below 8% compared with the 36.4% and 13.9% overheads
3) The energy estimate of the kernel is obtained as Eop = for the 8 bit and 16 bit ANT architecture, respectively.
NF A E F A .
Figure 11 shows that the energy savings increase as the
Figure 9(b) shows the modeling results of the FA and ripple MSE requirement increases for a fixed Bx . This is because
carry adder (RCA) for various bit width demonstrating the a larger MSE requirement allows the MAC to operate at a
accuracy and scalability of the energy model. The energy higher pη and can thus reduce the E-block overheads. This
model is within 5% (for 0.2 V ≤ Vdd ≤ 1.2 V) of circuit is also confirmed in Fig. 10(b) and Fig. 10(d). Additionally,
the energy savings increase as Bx increases for a fixed MSE
simulation results.
requirement because a large Bx tends to tolerate more LSB
errors, thus enabling the MAC to operate at a higher pη .
B. E-ANT Design Optimization
with

The methodology in Fig. 9(a) is employed to perform
optimization for the E-ANT kernels proposed in Sect. III,
and the E-ANT MAC kernel in Fig. 5(a) is used as an
example. Since we adopt VOS to obtain different error rates,
the parameters to be optimized are the voltage overscaling
factor Kvos and the E-block bit width Bmsb , where we assume
that Bx,msb = Bw,msb = Bmsb . The optimization framework

C. EEG Classification System Set-up
To evaluate the performance of E-ANT, the filter kernel
in the FE and the vector-matrix multiplication kernel in the
SVM CE shown in Fig. 12 are implemented employing the
E-ANT MAC as shown in Fig. 5, and are characterized via
the procedure described in section IV-B. For the filter bank in
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(a)

(b)

(c)

(d)

Figure 10. Optimization of E-ANT MAC, the dashed line illustrates that
the maximum E-block precision Bmax decreases as pη increases, indicating
that to ensure error-free E-block operation, the E-block bit width is upper
bounded. The solid lines show the optimum Bmsb configuration for each
pη at different MSE requirements, with the circle marker indicating the
∗
, p∗η ) pair achieving the MSE requirements with minimum Eop : a)
(Bmsb
optimization results of an 8×8 E-ANT MAC for different MSE requirements,
b) normalized energy of an 8 × 8 conventional MAC, ANT MAC and E-ANT
MAC, c) optimization results of a 16 × 16 E-ANT MAC for different MSE
requirements, and d) normalized energy of a 16 × 16 conventional MAC,
ANT MAC, and E-ANT MAC.

ptp

=

pf p

=

TP
TP + FN
FP
FP + TN

where T P , F N , F P , and T N are the number of true
positives, false negatives, false positives, and true negatives,
respectively. A good classifier achieves high values of ptp (
> 0.9) at a small constant false alarm rate pf p (< 0.01).
Three implementations are considered, i.e., the uncompensated system (denoted as CONV), the system which performs
retraining with erroneous features, similar to the one proposed
in [11] (denoted as RETRAIN), and the system with EANT (denoted as E-ANT). In the retraining method [11], the
classifier is trained with features extracted in the presence of
VOS errors. Unlike in the retraining method [11] where the
CE needs to be error free, E-ANT can tolerate errors in both
the FE and CE. Therefore, two setups are considered in our
experiment: 1) errors in FE only, and 2) errors in both FE
and CE. The maximum value of the error rate pη for which
ptp > 0.9 and pf p < 0.01 is referred to as the error tolerance
pη−max of the architecture. In the first setup, pη−max is the
error rate in the FE, and in the second setup, pη−max is the
maximum of the error rate in the FE and CE.

Figure 12. Second order polynomial kernel SVM EEG classification system
architecture.

D. SNR Performance

Figure 11. Energy savings vs. input precision and MSE.

the FE, we use an input of 12 bit, with the MSB 8 bit taken
as the E-block. For the CE, the input precisions of the two
MACs are chosen to be 8 bit, and E-block precisions are 4
bit.
We employ the CHB-MIT EEG data set [11] to train the
SVM and use leave-one-out cross validations to evaluate the
system performance. The system performance metric employed is the true positive (TP) rate ptp and false positive/alarm
(FP) rate pf p , defined as:

Figure 13(a) shows that the improvement in the application
level SNR (see (7)-(9)) achieved by E-ANT at the FE output
is significant. In particular, the SNR of the M-block (also the
SNR of the conventional system with errors), SN RM,a , drops
catastrophically from 42 dB to 10 dB for values of pη as low
as 8 × 10−4 . The SNR of the E-block, SN RE,a , is constant
at 23 dB for pη ≤ 0.42. This is because the E-block makes
small magnitude estimation errors e. For pη > 0.42, SN RE,a
drops catastrophically as the E-block also starts to make large
magnitude timing errors. In contrast, the ANT system SNR,
SN RAN T,a , is at least 10 dB higher than either SN RE,a or
SN RM,a for values of pη as high as 0.1, and approaches the
E-block SNR as pη increases.
The circuit level SNRs (see (10) - (12)) also exhibit a similar
trend in Fig. 13(b). Furthermore, the SNR analysis in section
II-A is validated by plotting (13) and (14) in Fig. 13(a) and
Fig. 13(b), respectively.
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the classifier is trained employing features that are subject to
residual errors after the correction via E-ANT. However, as
shown in Fig. 14(a), the improvement is minor due to the fact
that the residual errors are typically small.

(a)

(b)

Figure 13. SNR at the output of the FE: a) application level SNR, and b)
circuit level SNR.

E. Classification Performance and Energy Savings
As shown in Fig. 14(a), ptp drops sharply as circuit error
rate increases in CONV system where no SEC is applied.
The RETRAIN system does slightly better than the CONV
system because the classifier is retrained to adapt to the error
affected features. However, pη−max is still only around 10−3 .
This is due to the fact that the errors under investigation are
timing errors. Unlike the stuck-at-faults errors in [11], timing
errors are dynamic and depend on the state of circuit, so the
error pattern observed during training might not be the same
as during the test. In contrast, when E-ANT is applied, ptp
degrades gracefully as pη increases. As a result, the E-ANT
system can achieve pη−max as high as 0.38. Figure 14(a) also
shows that the ptp is always lower than 0.9 when only Eblock is employed, i.e., the E-block on its own is unable to
meet the performance specifications. Similarly, when errors
present in both FE and CE (Fig. 14(b)), both the CONV
system and RETRAIN system achieve pη−max < 10−3 , while
E-ANT achieves a pη−max of 0.17. These are of 2-ordersof-magnitude (errors in FE only) and 3-orders-of-magnitude
(errors in both FE and CE) greater than the existing systems.
The receiver operating characteristic (ROC) curve at pη−max
is shown in Fig. 14(c) when errors are in FE only, and in Fig.
14(d) when errors are in both FE and CE. In both experiments,
the ROC of the CONV as well as the RETRAIN system
approaches the ROC of a random classifier which outputs ±1
with equal probability, while the ROC of the E-ANT system
(w/ or w/o retraining) remains close to the ROC of an ideal
classifier.
Principle component analysis (PCA) is performed on the
feature vectors to understand the reason why CONV system
fails but E-ANT system is able to maintain good performance.
Fig. 14(e) shows that when no SEC is applied, circuit errors
have two effects on the feature vectors: 1) errors make it harder
to separate the positive and negative samples, and 2) the entire
feature space is shifted due to the accumulation block in the
FE. The SVM fails to correctly perform classification without
knowledge of the error statistics. Figure 14(f) shows that the
large magnitude errors are compensated and converted to small
residual errors when E-ANT is applied. This will cause a very
small shift in the feature space. As a result, the SVM classifier
can still perform correct classification. One way to improve
E-ANT further is to incorporate retraining. In this method,

(a)

(b)

(c)

(d)

(e)

(f)

Figure 14. Simulation results: a) ptp of CONV, RETRAIN and E-ANT with
pf p = 0.01 when errors are in FE only, b) ptp of CONV, RETRAIN and
E-ANT with pf p = 0.01 when errors are in both FE and CE, c) ROC curve
of CONV, RETRAIN and E-ANT at pη−max when errors are in FE only,
d) ROC curve of CONV, RETRAIN and E-ANT at pη−max when errors are
in both FE and CE, e) PCA results of error-free and erroneous features for
CONV, and f) PCA results of error-free and erroneous features for E-ANT.

Table II compares the pη−max , FE energy/feature (EF ), and
CE energy/decision (EC ) of the three systems. The E-ANT
system can achieve pη−max of 0.38 when errors are in FE
only, and 0.17 when errors are in both FE and CE. When
VOS is applied for energy saving, the E-ANT system is able
to achieve 51% energy savings when errors are in FE only
compared with the CONV system. When both FE and CE are
in error, the E-ANT system is able to achieve 43% and 29%
energy savings in the FE and CE, respectively.
V. C ONCLUSIONS
In this paper, an embedded statistical error compensation
technique named E-ANT is proposed and employed as a low
power technique in designing machine learning and signal
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Table II
P ERFORMANCE AND E NERGY C OMPARISON

Conventional
Error resilient retraining
E-ANT

Errors in FE only
pη−max
Energy savings in FE
8 × 10−4
NA
3 × 10−3
7%
0.38
51%

processing kernels. E-ANT employs DPD to embed the RPR
E-block into the M-block. The DPD is general and is derived
for a wide class of compute kernels. The effectiveness of the
proposed E-ANT technique has been demonstrated through
the design of an SVM EEG seizure classification system where
simulation results in a commercial 45 nm CMOS process show
that E-ANT achieves up to 0.38 error tolerance and up to 51%
energy savings compared with an uncompensated system.
This works shows that by exploring architectural transforms,
it is possible to design architectures that are inherently error
resilient without an explicit E-block. It opens up a few research
directions to extend or generalize existing SEC techniques.
In particular, other low complexity error compensation techniques can be investigated that improve upon existing SEC
techniques such as SSNOC and soft-NMR [2]. Moreover, with
the adoption near/sub-threshold voltage design and continuous
scaling of CMOS process, PVT induced errors and defects
induced errors are becoming a growing concern for the design
of low power embedded platforms. The effectiveness of error
resiliency techniques to enhance system robustness in presence
of these new error models can also be explored.

Errors in both FE and CE
Energy savings in FE
Energy
NA
13%
43%

pη−max
2 × 10−4
8 × 10−4
0.17

xi

savings in CE
NA
12%
29%

(xM + xL 2−(Bmsb −1) )i
i
X
i
=
( )xjM (xL 2−(Bmsb −1) )i−j
j
=

j=0

= xiM +

i−1
X
i
( )xjM (xL 2−(Bmsb −1) )i−j
j
j=0

= xi,M + xi,L

(44)

where
xi,M

=

xi,L

=

xiM
i−1
X
i
( )xjM (xL 2−(Bmsb −1) )i−j
j
j=0

Substituting (44) into (43), we obtain:
f (x) ≈
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= f (x0 )
n X
k
X
f (k) (x0 ) k
+
[
(
)(−x0 )k−i ](xi,M + xi,L )
i
k!
i=0
k=1

=

A PPENDIX - A
In this appendix, we derive (24). Consider the nth order
Taylor expansion of f (x) as shown below:

fM (xM ) + fL (xM , xL )

where
fM (xM )

f (x)

=

f (x0 ) +

n
X
f (k) (x0 )
k=1

k!

(x − x0 )k

(45)

=

(42)

f (x0 )
n X
k
X
f (k) (x0 ) k
(
+
[
)(−x0 )k−i ]xi,M
i
k!
i=0
k=1

k

Substituting the binomial expansion of (x − x0 ) in (42),
we obtain

fL (xM , xL )

=

n X
k
X
f (k) (x0 ) k
[
(
)(−x0 )k−i ]xi,L
i
k!
i=0

k=1

This completes the derivation of (24).
f (x)

=

f (x0 )
n
k
X
f (k) (x0 ) X k i
+
(
)x (−x0 )k−i
i
k!
i=0
k=1

=

f (x0 )
n X
k
X
f (k) (x0 ) k
+
[
(
)(−x0 )k−i ]xi (43)
i
k!
i=0
k=1

Next, employing (20) and the binomial expansion, we write
xi as:
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