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ABSTRACT
Fine-grain pipelined adaptive decision-feedback equalizer (ADFE) architectures are developed using the relaxed
look-ahead technique. This technique, which is an approximation to the conventional look-ahead compuiaiion, maintains functionality of the algoiitiim rather than the input-output behavior. Thus, it results in substantial hardware

savings as compared to either parallel processing or look-ahead techniques. The delay relaxation, delay iransfer
relaxaiion and sum relaxaLion aie introduced for purposes of pipelining. Both the conventional and the predictor
form of ADFE have been ptpelied. The performance of the pipelined algorithms for the equalization of a magnetic
recording channel is studied. It is demonstrated via simulations that, for a byte error rate of iO or less, speed-ups
of up to 8 can be easily achieved with the conventional ADFE. The predictor form of ADFE allows much higher
speed-ups (up to 32) for less than 1 dl3 of SNR degradation.

1. INTRODUCTION
In the area of digital communications, there is a growing need for high-speed equalizers for applications such
as high-density magnetic storage systeills, subscribei loop applications and mobile radio. The adaptive decisionfeedback equalizer (ADFE) has been employed successfully for combatting inter-symbol interference (ISI). However,
the ADFE has remained (lilildult to pipeline atI(l in this paper we propose a novel approach for fine-grain pipelining
of the ADFE.

Conventionally, algoritlini transformation techniques' such as look-ahead 2 have been employed to introduce
concurrency in serial algoiitlims. The loolc-aliead technique, however, results in a hardware overhead as it transforms
a serial algorithm into an equivalent (in the sense of input-output behavior) pipelined algorithm. In order to reduce
this overhead, we have developed the relaxed look-ahead technique3 for the pipelining of adaptive digital filters. The
relaxed look-ahead sacrifices the equivalence between the serial and pipelined algorithms at the expense of marginally
altered convergence characteristics.

Fine-grain pipehining of the A1)FE is knowii to he a difficult problem due to the fact that the ADFE has a
non-linear element (a quantizer) in the decision-feedback loop (DFL). The conventional ADFE (to be referred to
as ADFE) in Fig.1(a) and the predictor foiin of ADFE (to he referred to as predictor ADFE) in Fig.1(b), consist
of the feedforward filter (FFF), the feedback filter (FBF), the quantizer (Q), and the coefficient update blocks
WUC (for FFF) and WUD (for FBF). The delays z are employed to adjust the position ofthe main tap of FFF,
which is usually the center-most tap. In addition to the DFL, the presence of the adaptation loop makes it even
more difficult to achieve pipehining. Hence, past work 16 in high-speed ADFE architectures have almost exclusively
adopted parallehization. The ue of a transpose structure7 for the FFF and the FBF and introduction of delays in
the DFL8 in order to ohtain a high-speed \TLSI implementation of an ADFE can achieve higher speed, but only to
a limited extent. In this papi, we present the delay relaxai2on, the delay transfer relaxation and the sum relaxaiion
as three possible approximations, which can he used for pipehining of the ADFE.
This paper is organized as follows. In section 2, we present the relaxed look-ahead technique, which is then
applied to pipeline the Al)FE in section 3. In section 4, we analyze the performance of the pipelined algorithms and
compare them with that of tlie serial algorithm. Simulation results are presented for the equalization of a magnetic
recording channel in section 5.
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Fig.1 The serial ADFE architecture (a) conventional and (b) predictor form.

2. THE RELAXED LOOK-AHEAD
In order to introduce relaxed look-ahead, consider the following equations, which describe a linear adaptive
estimator with a first—order weight— u pclate recursion

W(n) = W(n — 1) + jze(n)X(n)
e(n) = s(rz) — WT(n — 1)X(n)

(2.1(a))
(2.1(b))

where W(n) is a N x 1 vector of coefficients of the filter FIR (see Fig.2(a)), p is the adaptation step-size, e(n) is
the estimation error, X(n) is the N x 1 input vector, and s(n) is the desired signal. The first-order recursion (2.1(a))
also describes the weight-update recursion of the ADFE.

From Fig.2(a) (and (2.1)), we can see that there are two major feedback paths, which present a bottleneck
for high throughput applications. The first is called the error feedback path, which consists of the filter FIR, the
adder, and the weight-update block WUC. The second path is the weight-update recursion defined by (2.1(a)). An
M-stage pipelined algorithm can be derived from (2.1) by the application of an M-step look-ahead to (2.1). It can
be easily checked that the hardware required to do so is quite large because this process involves computing W(n)
from W(n — M).
However, by considering the error feedback path and weight-update recursion separately, we can pipeline the
adaptive estimator in a hardware efficient manner. In particular, we pipeline the error feedback path by the delay
relaxation and the delay transfer relaxation, while the weight-update recursion is pipelined by the sum relaxation.

2.1. Delay relaxation
The delay relaxation is shown in Fig.2(b), where the error e(n) and the input X(n) are delayed by D1 samples
before being employed in the WUC. We refer to this transformation as a D1-step delay relaxation. This transformation is made on the basis of the assumption that the gradient estimate e(n)X(n) does not change substantially
over D1 clock-cycles. The delay relaxation has been employed9 to develop the 'delayed LMS' algorithm.
A thorough convergence analysis of this kind of delayed adaptation scheme was also done9, where it was concluded
that the degradation in the convergence speed and especially the adaptation accuracy for delays of upto 32 was very
small. However, from an architectural point of view the delay relaxation is an effective method for pipelining. This
is because the D1 delays can now be employed to pipeline the FIR and hardware overhead is just the pipelining
latches.
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2.2. Delay transfer relaxation
A Di-step delay transfer relaxation (for an adaptive estimator) is shown in Fig.2(c), where the input to the FIR
is delayed by D1 samples and then these D1 delays are transferred from the input of FIR to its output. Clearly,
this transfer cannot be done via retiming1° and therefore the two systems in Fig.2(c) are not equivalent. However,
after convergence this delay transfer can be justified as the weights do not change much. This implies that some
degradation in performance is to be expected while the filter is converging. Note that the D1 delays would be
redistributed to pipeline the FIR.

2.3. Sum relaxation
Even though the delay relaxation is sufficient to pipeline the FIR and part of the WUC, the weight-update
loop (2.1(a)) remains to he pipelitied. The computation time of (2.1(a)) is lower bounded by a single multiply-add
time. In order to reduce this lower bound, we apply a D2-step look-ahead to (2.1(a)) to give
D2—1

W(n) = W(n — D2) + p

e(n — i)X(n — i).

(2.2)

In (2.2), the summation term represents the overhead term. However, instead of taking the sum of D2 terms in (2.2),
we may retain only LA terms to get
LA.-1

W(n) = W(n — D2) + p

e(n

—

i)X(n — i),

(2.3)

where the partial look-ahead factor LA maybe either less than or equal to D2. The replacement of D2 sum terms in
(2.2) to LA sum terms in (2.3) is referred to as a D2-step sum relaxalion. This relaxation has an overhead of LA —1
adders.
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Fig.2 The delay relaxations : (a) original system, (b) delay relaxation and (c) the delay transfer relaxation.

3. PIPELINED ADFE ARCHITECTURES
In this section, we employ the relaxed look-ahead technique, which was described in the previous section, to
develop pipelined ADFE architectures. The channel model we consider is shown in Fig.3, where a(n) is the channel
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input at time instance n, h(n) is the channel coefficient vector, r(n) is white Gaussian noise and x(n) is the received
sample.
TI (n)

x(n)

a(n)

Fig.3 The channel model.

First, we introduce some terminologies to define the equations which describe the serial ADFE of Fig.1(a).

ä(n) = UF(fl) + aB(n)
ap(n) = CT(n — 1)X(n)
aB(n) = DT(n 1)â(n —

(3.1(a))
(3.1(b))
(3.1(c))
(3.1(d))
(3.1(e))

1)

e(n) = à(n) — ä(n)
a(n) = Q[ä(n)]
•VV(n) = W(n — 1) + pe(n)U(n),

(3.1(f))

where aF(n) is the output of FFF, aB(n) is the output of the FBF, C(n) is the vector of FFF coefficients, D(n)
is the vector of detected symbols,
is the vector of FBF coefficients, X(n) is the vector of received samples,
ä(n) is the input to quantizer Q arid à(n) is the quantizer decision. Note that (3.1(f)) is of the same form as
(2.1(a)) and represents the familiar least mean-squared (LMS) algorithm with j. being the adaptation step-size. The
1)] are the combined coefficient and data vectors,
vectors WT(n) = [CT(n) DT(n)] and UT(n) = [XT(n)
respectively. Note that when correct decisions are made by the quantizer then a(n) = a(n —
3.1. The PIPADFE1 algorithm

The FFF and FBF can be pipelined by delaying their inputs by D1 samples and then applying the delay
transfer relaxation (see Fig.2(c)). The weight-update loop can be pipelined by applying a D2-step sum relaxation.
We shall see later that introducing D1 delays in the DFL results in a substantial performance degradation because the
FBFcannot employ past decisions to cancel the D1 most-significant IS! terms. These steps result in the PIPADFE1
algorithm (see Fig.4) which is a generalization of a past work8 . The equations describing PIPADFE1 are
ä(n) = ap(n — D1) + aB(n — D1)

(3.2(a))

ap(n) = CT(n — D2)X(n)

(3.2(b))
(3.2(c))
(3.2(d))
(3.2(e))

aB(n) = DT(n — D2)ã(n — 1)
e(n) = à(n) — à(n)
= Q{ä(n)]
LA—i

W(n.) = 'W(n — D2) + p

where a(n) = a(n —

D1 —

L

)

e(n —

i)Ui(n — i),

for correct quantizer decisions and UT(n) = [XT(n — D1),aT(n —

(3.2(f))

— 1)].
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Fig.4 The PIPADFE1 architecture.

In order to demonstrate the increase in throughput due to pipelining, we consider a serial ADFE with the FFF
and FBF having two taps each. Assuming a multiply time of 40 units and an add time of 20 units, it can be easily
checked that the critical path in the serial architecture has a delay of 200 units. With D1 = 5 and D2 = LA = 1,we
can pipeline the multiply-adds till the critical path delay is reduced to 40 units. The retimed PIPADFE1 architecture,
which operates five times faster than the serial ADFE, is shown in Fig.5.

x(n)

Fig.5 PIPADFE1 with a speed-up of 5.

3.2. The PIPADFE2 algorithm
Instead of introducing D1 delays in the DFL directly as in the case of PIPADFE1, the PIPADFE2 is derived
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by pipelining the DFL via relaxed look-ahead. The computations of the DFL can be written as
NB 1

à(n) = cT(n

1)X(n) +

d2(n

—

1)â(n —

i

—

1),

(3.3)

where d(n)'s are the FBF coefficients and NB is its order. In order to apply look-ahead, we linearize the DFL and
then apply the look-ahead technique. Note that the linearization of the DFL is simply an intermediate step in the
process of developing PIPADFE2. Application of a D1-step look-ahead to the linearized DFL computation results
in an equation of the following form

a(n)=CTA+B

(3.4)

where A represents the coml)utations of the data preprocessing section (PP) defined as
D,-1

D1-1D1-1

A=X(n)+i=O: dX(n—i— 1)+ :

:i•

D1—1D1—1

+ .. . +

i=O i,=O

>i dd21X(n—i—i1—2)

i=O i1=O

D1—1

• i: dd2,
ipO

.

. . d2X(n — i — ii

—

. . . — ip

—

D1 — 1),

(3.5)

and B represents the computations of the feedback section as shown below
NB—DI—1

B= >i:
i=o

Dj—1NB—Dl—1

dL),+ã(n—Dl—i—1)+ >

2=0

D1-1D,-1 D,-1
+ . . . + >i: >ii: • • • >i:
i=O zi=O

.

. d2ä(n —

d2d1+D,ä(n—Dl—i—il—2)

>

i1=O

i ii
—

—

. . . — ip

—

D1

—

1).

(3.6)

Zp=O

We approximate A ((3.5)) as follows

D,-1
A = X(n) +

adX(n — i — 1),

(3.7)

where c is a scalar constant. In making these approximations, we have employed the fact that the PP derives all its
coefficients (except the one, which is unity) from those of the FBF of the serial ADFE. In addition, the coefficients

of FBF, which appear in PP, are d, 0 < i < D1. Next, we approximate B as
D1—1

NB—i

i=O

i=D,

B= : /3dä(n—P—i—1)+ >

d1ä(n—P—i—1),

(3.8)

where 3 is a scalar constant. This approximation is guided by the observation that (3.6) contains ä(n—Di —i), > 1
which implies that D1 delays have been introduced at the input to the FDF. In addition, all the FBF coefficients of
the serial ADFE appear in B and the first term in (3.6) indicates that the coefficients d1 i D1 appear unmodulated.
Even with these coarse approximations, it will be shown via simulations that PIPADFE2 outperforms PIPADFE1

substantially. Clearly, the performance of PIPADFE2 can he enhanced further by having better approximations.
Next, we apply a Di-step delay transfer relaxation first to the PP and theii to FFF, which results in the presence of
D1 delays at the output of FF1?. In a similar fashion, we apply the delay transfer relaxation to FBF to transfer D1
to its output. Finally, employing the sum relaxation as in the case of PIPADFE1, we obtain the following equations
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which describe PIPADFE2

ä(n) = UF(fl — D1) + aB(rz — D1)

aF(n) = cT(n

(3.9(a))

d1(n — D2)XT(n

D2){XT(n) +

i: /3d(n — D2)à(n — i — 1) +

i: d(n
i=D1

1=0

e(n) = ä(n) — a(n)
à(n) = Q[à(n)}

—

(3.9(b))

1)]

NB—i

D1—1

aB(n) =

j

D2)à(n —

i

—

1)

(3.9(d))
(3.9(e))

LA-i

\V(n) = \V(n — D2) + ,ii

(3.9(c))

e(n

—

i)U2(n — i),

(3.9(f))

where

U2(n) = [XT(n

D1 )

+ d(n

—

D2)XT(n

D1 —

i — 1), aT(n

D1 — 1)]T

(3.10)

and à(n) = a(n — D1 — z) for correct quantizer decisions. Optimal values of a and /3 for a magnetic recording
channel (for different values of D1) were found empirically. As in the case of PIPADFE1, PIPADFE2 also reduces
to the serial ADFE if D = 0.
mo

x(n)

Fig.6 The PIPADFE2 architecture.

The architecture for PIPADFE2 is shown in Fig.6. As compared to PIPADFE1, PIPADFE2 requires an additional D1 multiplications due to the PP, and LA(NF + NB) adders (if the weight-update loop is also pipelined).
This, however, does not reduce the clock frequency because the D1 latches can be employed to pipeline PP as well.

3.4. The PIPADFE3 Algorithm
In this sub-section, we pipeline the serial predictor ADFE in Fig.1(b), which is described by the following
expressions

C(n) = C(n — 1) + pe(n)X(n)
D(n) = D(n— 1)+p[a(n) —à(n)}E(n —1)
e(n) = a(n) — aF(n)
aF(n) + aB(n)
u(n) = Q[ä(n)J
(LF(fl) = CT(n — 1)X(n)
aB(n) = DT(n — 1)E(n —

(3.11(a))
(3.11(b))
(3.11(c))
(3.11(d))
(3.11(e))

(3.11(f))
1),
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(3.11(g))

where ET(n) = [e(n),e(n—1), . . ,e(n—NB+1)] and a(n) a(n—z) for correct quantizer decisions. From (3.11(a)),
(3.11(c)) and (3.11(f)), we see that the FFF adapts independently of the FBF. This feature of the predictor ADFE
allows us to pipeline it to much higher levels than the conventional ADFE.
.

First, we transform (3.11(b)) into

D(n) = D(n — 1) + ,u[e(n) — aB(n)JE(n —

1),

(3.12)

which can be derived by substituting for à(n) (from (3.11(c)) and ä(n) (from (3.11(d)) in (3.11(b)). Next, we pipeline
the predictor ADFE by the following steps

1.) Apply a D1-step delay relaxation to the FFF.

2.) Apply a D2-step sum relaxation to FFF and FBF.
3.) Apply a D3-step delay transfer relaxation to FFF and FJ3F.

(n) -

Fig.7 The PIPADFE3 architecture.
Note that step 1 has already introduced D1 delays in the DFL, while step 3 transfers D3 of these delays to
the output of FDF. The pipeliiied predictor ADFE (referred to as PIPADFE3) is shown in Fig.7 and the following
equations describe it

LA-i

C(n) = C(n — D2)+ > e(n — D1

—

i)X(n — D1

—

D3

—

i)

(3.13(a))

i=O

LA-i

D(n)=D(n—D2)+ >.1[e(n—Di—i)—aB(n—D3)}E(n—Dl—1—i)

e(n) = à(n) — aF(n — D3)
aF(n

—

D3) + aB(n — D3)

a(n) = Q{ä(n)J
ap(n) = CT(n D2)X(n)
UB(Tl) =

DT(ri D2)E(n — D1 + D3 — 1),

(3.13(b))

(3.13(c))
(3.13(d))
(3.13(e))
(3.13(1))
(3.13(g))

with a(n) = a(n — D3 — L) for correct quantizer decisions.
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In Fig.1(b), we can easily confirm that the critical path consists of the FBF, adder, quantizer, adder and
wuc. From Fig.7, we find that this critical path contains D1 + D3 latches. Assuming uniformly pipelined stages,
the speed-up achieved by PIPADFE3 over the serial architecture in Fig.1(b) is D1 + D3. The hardware overhead for
PIPADFE3 are the pipelining latches and (LA — 1)[NF + NB] adders.

4. PERFORMANCE ANALYSIS
In this section, we will analyze and compare, in qualitative terms, the performance of the serial ADFE, P1PADFE1, PIPADFE2, and PIPADFE3. To do this we have simulated the performance of the equalizers for a
magnetic recording channel with a channel SNR. of 20 dB. The channel coefficients ([0.2, 0.6, 1.0, —1.0, —0.6, —0.2])

were obtained from a Lorentzian pulse model'1 with the symbol period being one-half of the width of channel step
response pulse at a height of 50% of the maximum.
The FFF in all the equalizers attempts to cancel the pre-cursor ISI. To see this, we plot (see Fig.8(a)) the pulse
response of the combined channel and FFF for a serial ADFE. The non-zero postcursor ISI is cancelled by the FBF
coefficients. In the case of PIPADFE1 (and PJPADFE2), the FBF output is delayed by D1 samples. Therefore,
the FBF cannot cancel the first D1 postcursor ISI terms and the burden of cancelling them falls on the FFF. This
is also indicated in Fig.8(a), where the combined channel and FFF pulse response for PIPADFE1 with D1 = 2 is
shown. Clearly, as D1 increases the performance of PIPADFE1 degrades and approaches that of a linear equalizer.
... SthII ADFE s PIPADFE1

U

... thyid+FFF ++ Qiazme1+FFPPP

____

(b)
Fig.8 Combined pulse response of (a) the channel+FFF for the serial ADFE (solid) and PIPADFE1 (dash-dot)
with D1 = 2, and (b) channel+FFF (solid) and channel+FFF + PP (dash-dot) for PIPADFE2 with D1 = 2.
(a)

From the discussion above it is clear that the performance of a pipelined ADFE algorithm can be improved
substantially (especially for large D1 ) if the FF1? does not have to cancel the postcursor ISI. This is exactly what
PIPADFE2 achieves. In Fig.8(b), we show the combined channel and FFF for PIPADFE2 with D1 =2. Just as in
the case of the serial ADFE, the FFF in PIPADFE2 only cancels the precursor ISI. However, in this case the first
D1 postcursor ISI are cancelled by the PP, whose coefficients are derived from those of FBF (see (3.7) and (3.8)).
This can be confirmed by plotting the pulse response of the system comprising the channel, PP and FFF. Finally,
the remaining postcursor IS! are cancelled by the FBF.
Even though it can be shown'2 that the predictor ADFE (see Fig.1(b)) is equivalent to the conventional ADFE
(see Fig.1(a)), in actual practice the predictor ADFE will perform worse than the conventional form. This is because

the predictor form the FFF and the FBF minimize two different error signals. Our interest, in this paper, is in
comparing the performance of the serial predictor ADFE and PIPADFE3.

In section 5, we will further confirm the conclusions of this sub-section by comparing the performance of P1PADFE1, PIPADFE2 and PIPADFE3 as D, increases.
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5. SIMULATION RESULTS
All the simulations, in this section, have been performed with a Lorentzian model for a magnetic recording
channel, whose coefficients are defined in section 4. The order of the FF1? was 13 for the conventional ADFE and
20 for the predictor ADFE. The order of the FBFwas 10 for all cases.
After initialization, the first 700 samples were employed for training purposes. The final results were obtained
by averaging over 30 independent trials. We have chosen the output SNR, which is the ratio of the signal power at
the channel input to the noise power across the quantizer, as a measure of performance. It has been observed" that
for storage channels an output SNR of 16 dB results in byte error rate of i07 or less. Hence, we take this value of
output SNR as the lower limit of acceptable performance.

5.1. Performance vs. speed-up
The purpose of this experiment is to determine how the performance of PIPADFE1 and PIPADFE2 degrade as
the speed-up is increased. These simulations were done for different channel SNR's. The channel SNR is defined as
the ratio of the channel input power to the additive noise power. As the nominal measured channel SNR is 21
therefore we consider channel SNR's varying from 18 dB to 30 dB.
PIPADFEI

PPADFE2

(a)

(b)

(c)

Fig.9 Output SNR vs. channel SNR for different speed-ups : (a) PIPADFE1, (b) PIPADFE2 and (c) PIPADFE3.

In Fig.9, we plot the output SNR as a function of the channel SNR for different values of D1. In case of
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PIPADFE1 (see Fig.9(a)), for a given channel SNR, the output SNR drops as D1 (which corresponds to the speedup) increases. In addition, for the same speed-up, this SNR drop increases for high channel SNR's. However, Fig.9(a)
also indicates that for a channel SNR of 20 dB (which is slightly conservative as compared to the measured SNR of
21 dB) a speed-up of D1 = 7 results in an output SNR of 16.2 dB, which is an acceptable level of performance for
storage channels. From Fig.9(a), we can see that if SNR degradation of 1 dB or less are desired, then PIPADFE1
should be employed in those situations where the desired speed-up is small (say D1 = 1 or 2) and the channel quality
is low.

For PIPADFE2 (see Fig.9(b)), not only is the output SNR drop (for a given channel SNR) smaller but this drop
remains more or less constant as the channel SNR increases. This is a substantial improvement over PIPADFE1
and it clearly indicates the importance of employing good approximations while using relaxed look-ahead. The SNR
advantage of PIPADFE2 over PIPADFE1 ranges from 0.5 dB (with D1 = 1 and channel SNR of 18 dB) to 7.6 dB
(with D1 = 7 and channel SNR of 30 dB). Clearly, the slightly higher computational cost of PIPADFE2 is more than
compensated for by its superior performance. In addition, unlike PIPADFE1, the output SNR of PIPADFE2, with
D1 = 7, is approximately 2.4 dB above the lower limit of acceptable performance (16 dB).

In Fig.9(c), we plot the performance of PIPADFE3 with NF = 20, NB = 10, and D1 = D3. Recall that the
actual speed-up is D1 + D3. hence, from Fig.9(c), we find that PIPADFE3 can achieve speed-ups of the order of 28
with less than 1dB of performance loss as compared to the serial predictor ADFE. Note also that for speed-ups of up
to 12 there is even a performance gain. As PIPADFE3 can be pipelined at very high-speeds, therefore, we can afford
to have higher number of taps for the FBF in order to improve its SNR performance and yet achieve significant
speed-ups.

5.3. Performance with sum relaxation
The sum relaxation, defined in (2.3), was employed to pipeline the weight-update equations for PIPADFE1
(3.2(f)) and PIPADFE2 (3.9(f)). Tn this experiment, we show the effect of sum relaxation in improving the output
SNR as D2 (the pipelining level of the weight-update loop) increases.

IA-4

IA-O

LA—2

LA—3

D2

Fig.10 Output SNR vs. D2 for different values of LA.

The simulation results for a channel SNR of 20 dB and D1 = 0 are shown in Fig.10, where we have plotted
the output SNR as a function of D2 for different values of the look-ahead factor LA. With LA = 0, the output
SNR keeps decreasing monotonically as D2 increases. However, note that for each value of D2 under consideration,
there exists a value of LA at which the SNR drop is less than 0.1 dB. For example, in a practical implementation,
we would use LA = 2 with D2 = 3 and LA = 4 with D2 = 5. This clearly implies that very fine pipelining of the
weight-update loop is possible. Similar results were obtained for PIPADFE3.
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6. CONCLUSIONS
The pipelined algorithms presented in this paper can be improved further by incorporating sophisticated relaxations, especially in case of PIPADFE2. In addition, combining coding with equalization, could also be exploited
for the development of better pipelined equalization algorithms. Convergence analysis of the pipelined algorithms is
currently in progress.
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