BER-Optimal Analog-to-Digital Converters for
Communication Links
Minwei Lu, Naresh Shanbhag and Andrew Singer
Department of Electrical and Computer Engineering
University of Illinois at Urbana-Champaign
Urbana, IL 61801
Email: {mlu9, shanbhag, acsinger}@illinois.edu

Abstract— In this paper, we propose BER-optimal analog-todigital converters (ADC) where quantization levels and thresholds
are set non-uniformly to minimize the bit-error rate (BER). This
is in contrast to present-day ADCs which act as transparent
waveform preservers. Simulations for various communication
channels show that the BER-optimal ADC achieves shaping
gains that range from 2.5dB for channels with low intersymbol
interference (ISI) to more than 30dB for channels with high
ISI. Moreover, a 3-bit BER-optimal ADC achieves the same or
even lower BER than a 4-bit uniform ADC. For flash converters,
this corresponds a power reduction by 2×. Look-up table based
equalizers compatible with BER-optimal ADCs are shown to
reduce the power up to 47% and the area up to 66% in a 45nm
CMOS process. The shaping gain due to BER-optimal ADCs can
be exploited to lower peak transmit swings at the transmitter or
decrease power consumption of the ADC.

I. I NTRODUCTION
Traditional ADC design is based on a fidelity criterion,
attempting to reconstruct the input subject to constraints such
as circuit power and process technology. The metric to be
optimized, the error between input and output, is captured
by signal-to-quantization-noise-ratio (SQNR) and signal-tonoise-plus-distortion-ratio (SNDR). Most ADCs today employ
uniform quantization; that is, the levels and thresholds are
placed uniformly within the signal dynamic range. As the
SQNR depends strongly on the number of bits BX of the
ADC, system design leads one to determine BX required
to meet a specific SQNR or other performance specification.
Unfortunately, large values of BX lead to high power consumption, large area, and increased input capacitance. In highspeed systems, low-power ADCs are particularly difficult to
design, and the effective number of bits (ENOB) usually does
not exceed 6 [1], [4], [8].
In the context of an ADC-based communication link in Fig.
1(a), we show the eye diagram of the received signal xc (nT )
prior to quantization (Fig. 1(b))along with its probability
density function (PDF) (Fig. 1(c)). Signal statistics can be
exploited to assign thresholds and levels in the ADC to
improve system performance. The problem of determining the
optimal set of quantization levels and thresholds was solved
in [3] and [5]. The Lloyd-Max algorithm was proposed to
iteratively determine the optimal levels r and thresholds t
of a quantizer. We show in this paper that the Lloyd-Max
algorithm improves SQNR in communication links but does
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not necessarily reduce BER.
Hence, we propose an ADC in which the levels and the
thresholds are set to minimize the BER. We term this a BERoptimal or BER-aware ADC because it employs a detection
criterion and, instead of SQNR, maximizes the probability of
detecting a transmitted bit correctly. The idea of BER-optimal
components is not novel, as BER-optimal equalizers [2], [10]
and sampling phase [2] have been determined. However, this
is the first work which addresses the issue of designing
BER-optimal ADCs. BER-optimal ADCs differ from various
digitally-assisted ADCs [6], [7] as the latter maximize SQNR.
The rest of this paper is organized as follows. Section II
presents an algorithm for computing BER-optimal levels and
thresholds. Section III compares the performance of the BERoptimal and traditional ADCs via simulations for different
channels.
II. BER-O PTIMAL ADC
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Fig. 1. Role of an ADC in a communication link: a) block diagram of a
communication link, b) functional diagram of an ADC, and c) eye diagram
and PDF of the sampled received signal xc (nT ).

Fig. 1(a) illustrated a linearly equalized communication link.
Assuming binary phase shift keying (BPSK) modulation, the
transmitter sends pseudorandom sequence of bits b[n] ∈ {±1}
through the channel. At the receiver, the ADC quantizes the
signal, and the outputs are subsequently processed by a digital
equalizer to eliminate ISI that results from the channel. A
slicer following the equalizer makes a hard decision on which
bit has been transmitted. With a slight abuse of notation, we
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refer to the BPSK symbols as bits in the sequel. As shown in
Fig. 1(b), the ADC consists of a baud-rate sampler followed
by a quantizer. In this paper, we focus on determining BERoptimal quantizer parameters.
At a given sampling time index n, the input xc [n] = xc (nT )
to the ADC is given by
xc [n] =

M
−1
X

h[i]b[n − i] + v[n]

(1)

i=0

where b[n] is the transmitted bit, h[i] the baud-rate sampled
impulse response of the channel with memory M , and v[n] is
modeled as additive white Gaussian noise with variance σ 2 .
The ADC has N levels rk (k = 1, . . . , N ) and N − 1
thresholds tk (k = 1, . . . , N − 1), where N is equal to 2Bx .
The mapping between xc [n] and the quantized signal x[n] is
x[n]

=

r1 if xc [n](−∞, t1 ]

=

rN if xc [n](tN −1 , ∞)

=

rk if xc [n](tk−1 , tk ] for k = 2, . . . , N − 2.

A. Uniform ADC
In a uniform ADC, the quantization levels are spread evenly
within the signal dynamic range. The minimum and maximum
input amplitudes expected by this ADC are expressed as
−Vmax and Vmax , respectively. The quantizer step-size is
max
. For sufficiently small quantization
= 2V2Bmax
∆ = 2VN
x
error, q[n] = xc [n] − x[n] is assumed to be a uniformly
∆
distributed random variable, bounded between − ∆
2 and + 2
2
and independent of input. Quantization noise power σq is given
2
by E[q 2 [n]] = ∆
12 . For uniform quantization, SQNR can be
calculated from 6.02BX + 4.8 − 20 log10 Vmax
σx , where each
additional bit increases SQNR by 6dB.
B. Non-uniform ADC Lloyd-Max Quantizer
A Lloyd-Max Quantizer [3], [5] minimizes the distortion
measure known as the mean-squared error E[q 2 [n]] (MSE),
given by

k=1

C. BER-Optimal ADC
We propose quantization based on the detection criterion,
by setting the levels r and thresholds t non-uniformly using
the BER metric. In the system presented in Fig. 1(a), an error
is made when b̃[n] 6= b[n] (assuming D = 0), so BER is
computed by averaging over all possible values of y[n] and
hence all vectors xn = [x[n], x[n − 1], ..., x[n − L + 1]] such
that b̃[n] = sgn(y[n]) = sgn(wT xn ) produces an error at the
slicer,
BER

(2)

The output of the L-tap linear equalizer (LE) will be the
convolution of ADC outputs and equalizer coefficients w. The
estimate of the transmitted symbol b[n − D] is b̃[n − D] =
sgn(y[n]). Here D accounts for delay in the channel and
equalizer; it must be chosen carefully to achieve good BER.

E(q 2 ) = E[(xc − rk )2 ]
N Z tk
X
=
(xc − rk )2 fXc (xc )dxc

These equations are often difficult to solve, so the LloydMax algorithm iteratively determines r and t. Although this
algorithm improves SQNR, it is not the same as minimizing
BER.

= P{b[n] 6= b̃[n]}
!#
"
X
1 − b[n]b̃[n]
=
P{y[n]}
2
y[n]


L−1
Y
X

=
P{x[n − j] = rk }
xn

j=0

(6)
where P{x[n − j] = rk |xc0 [n − j]} is given by




tk−1 − xc0 [n − j]
tk − xc0 [n − j]
Q
−Q
,
σ
σ

(3)

where Xc is the random variable representing input xc [n], and
fXc (xc ) is its PDF.
Stationary points of the MSE in terms of r and t can be
found by differentiation with respect to r and t:
R tk,opt
x f (xc )dxc
tk−1,opt c Xc
rk,opt =
,
(4)
R tk,opt
f (xc )dxc
tk−1,opt Xc
rk,opt + rk+1,opt
tk,opt =
.
(5)
2

(7)

P{•} signifies the probability of an event, Q(•) is the
Gaussian Q function, and xc0 [n] is noiseless channel output
M
−1
P
h[i]b[n − i]. A BER-optimal ADC is one where r and t
i=0

minimize (6).
A closed form expression for the BER optimal parameters of
the ADC, r and t, is difficult to obtain due to the highly nonlinear objective function. Therefore, we employ the gradient
descent algorithm to determine the parameters. The following
update equations are used to compute r iteratively. For the ith
iteration of the algorithm, we have
BER

=

ri

=
≈

tk−1

!
1 − b[n]b̃[n] 
2

f (h, r, t, w, σ)


∂BER
ri−1 + µ
|r=ri−1
∂r


∆BER
ri−1 + µ
∆r

(8)

The placement of t remains the same as given by (5). To avoid
differentiating the sign function, the gradient is computed by
finite differences–each entry in the gradient vector is obtained
by perturbing the rk ’s one at a time and computing the change
in BER due to this perturbation [9].
This algorithm can readily be extended to decision-feedback
!
L−1
P
equalizers. Simply replace b̃[n] = sgn
w[j]x[n − j]
j=0
!
L2
L−1
P
P
with sgn
w[j]x[n − j] −
d[l]b̃[n − l] , where w is

1030

j=0

l=1

the vector containing coefficents of the feedforward filter, and
d contains L2 coefficents of the feedback filter.
We demonstrate next in simulations that the BER-optimal
ADC outperforms the uniform and Lloyd-Max quantization
approaches.

0.5
0.45
0.4
0.35

h[n]

0.3

III. S IMULATION R ESULTS

0.25
0.2

This section presents simulation results for several
backplane-like channels with different levels of ISI.
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A. Simulation Methodology

0

First, given a channel impulse response, a minimum mean
squared error (MMSE) linear equalizer with three taps is
obtained assuming a uniform ADC. Next, (8) was used to
iteratively approximate the minimum BER thresholds and
representation levels for the ADC. Equation (6) was then used
to compute the BER analytically. We verified our expressions
via Monte-Carlo simulations and error counting for BER
down to 10−7 . In order to isolate the effect of nonuniform
quantization, the equalizers in all setups are MMSE linear
equalizers with 3 taps. In addition, only equalizer inputs are
quantized; the equalizer itself has infinite precision. Signal-toM
−1
P
h[i]2
noise ratio (SNR) was computed by SNR =
σ2 .

C. BER-Optimal ADC vs. Lloyd-Max ADC
Although a Lloyd-Max ADC can improve SQNR, Fig. 4
shows that a 2-bit Lloyd-Max ADC followed by a MMSE
linear equalizer results in little BER improvement when compared with a 2-bit uniform ADC followed by a MMSE LE.
This observation indicates that SQNR is not the best metric
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This subsection presents results for two backplane-like
channels with different levels of ISI, where ISI is quantified
by the ratio between the squared magnitude of the main tap
to the sum of the squared magnitudes of the smaller taps of
the impulse response.
1) Channel with low level of ISI (Fig. 2(a)): Fig. 2(b) shows
that a 3-bit BER-optimal ADC performs better than a 3-bit
uniform ADC. Furthermore, a 3-bit BER-optimal ADC is as
effective or better than a 4-bit uniform ADC. The BER curve
for an infinite precision ADC, infinite precision equalizer is
also displayed for comparison purposes. In both the low and
high SNR regimes (BER=10−4 and 10−15 , respectively), the
shaping gain SG achieved by the BER-optimal ADC is 2.5dB.
2) Channel with high level of ISI (Fig. 3(a)): When channels
with high levels of ISI are employed for testing, the 3-bit BERoptimal ADC is significantly better than the 3-bit uniform
ADC as shown in Fig. 3(b). In this case, performance of the 3bit uniform ADC does not improve with increasing SNR due to
severe quantization noise. Compared to a 3-bit uniform ADC,
ADC shaping gain SG is too large to be quantified; compared
to a 4-bit uniform ADC, SG (BER = 10−15 ) = 3dB .
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We define the ADC shaping gain as SG (BER) =
SN Rold (BER) − SN Rnew (BER) to quantify the reduction
in SNR achieved via the BER-optimal techniques.
B. BER-Optimal ADC vs. Uniform ADC
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Fig. 2. Performance for a low-ISI channel: a) sampled impulse response of
a backplane-like channel, and b) BER vs. SNR curves for a 3-bit uniform,
3-bit BER-optimal, 4-bit uniform, and infinite-precision ADC, respectively.

when the goal is to reduce BER. In contrast, a receiver based
on the detection criterion (2-bit BER-optimal ADC followed
by min-BER linear equalizer, where the equalizer coefficients
are computed in a similar manner as in (8) using gradient
descent algorithm), results in significant improvement, surpassing even a 3-bit uniform ADC for SNR > 16dB. This
demonstrates that the detection criterion is a more effective
metric than the fidelity criterion in communication links.
D. Feasibility Study
Since the quantization levels are no longer equidistant, a
change in digital output will correspond to different changes
in analog input. The equalizer cannot operate directly on
such digital outputs. Thus, to conduct a first order feasibility
study of the BER-optimal ADCs, we synthesized the digital
equalizer following the BER-optimal ADC and compared its
complexity to that of the standard linear equalizer.
The equalizer architecture is obtained by employing a lookup table (LUT). This is done by mapping the ADC bits in
the tapped-delay line directly to a binary value corresponding
to the detected bits. The channels are those presented in
Section III-B; for each channel, two design points in the plots,
corresponding to low and high input SNRs, are synthesized
and compared. The BER-optimal ADCs have 3 bits, while the
benchmark is a 4-bit uniform ADC, 3-tap linear equalizer, with
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high SNRs, area of the LUT-based equalizer reduces by 39%
to 56%, and power reduction is around 24% to 32%. Global
voltage of 0.95V and clock frequency of 400M Hz are used.
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This paper presents a BER-optimal ADC that requires less
precision, hence lower power, that conventional ADCs while
achieving the same BER. Future work can focus on studying
the benefits of this approach over a variety of channels,
modulation schemes, and receiver architectures.
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sufficient bits assigned to equalizer coefficients to avoid BER
degradation due to coefficient quantization at BER of 10−4 .
From Table I, we see that the LUT-based equalizer is in fact
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Library. At low SNR design point for the high ISI channel,
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To summarize, for low SNRs, area of the LUT-based equalizer
reduces by 55% to 66%, and power reduces by about 45%. For
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