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tude, one’s-complement and two’s-complement, but the two’scomplement representation is the most commonly used representation [4]. The word values of a signal have a certain
probability distribution. The bit statistics depend on both
the signal probability density function and the type of encoding. Many DSP inputs can be closely approximated by a
Gaussian process. In this work, we assume that the input is
a zero-mean Gaussian signal with a two’s-complement number representation. Many signals in real-life applications are
zero-mean Gaussian signals. For audio signals, such as speech
or music, the distribution of the amplitude is concentrated
about zero and falls off rapidly with increasing amplitude [4].
Hence, these signals can be considered as zero-mean Gaussian signals. Given two signals with the same variance, for
the same quantization error the signal with non-zero mean
would require more bits than the signal with zero mean. Signals with a non-zero mean do not utilize the entire dynamic
range. Even if the input signal is not a zero-mean signal, the
mean value can be subtracted from the input and an appropriately scaled value of the mean can be added to the output
of the DSP circuit.
If the input signal is a zero-mean Gaussian signal, then all
the internal signals in a DSP architecture are also zero-mean
Gaussian signals. Since, we consider zero-mean signals, the
word-level statistics of a signal consist of the variance ( u 2 )
and the correlation coefficient ( p ) . The bit statistics are the
transition activity ( t i ) ,probability (pi)and the temporal correlation ( p i ) respectively, where ti denotes the probability of a
transition of the bit, pi denotes the probability that the bit is
1 (logic HIGH), and pi denotes the lag-one temporal correlation of the bit. In this work, we present analytical expressions
for the average bit statistics, average bit probability, average
bit temporal correlation and average bat transition activity in
terms of the signal word-level statistics (a,
p).
This paper is organized as follows. In the next section, we
present expressions for the bit probability and the average
bit probability. In section 3, we give the analytical expression
for average bit transition activity. In section 4, we derive a
relationship between the average bit transition activity and
average bit temporal correlation. Finally, in section 5 we give
the conclusions.

2

Average Bit Probability

In this section, we first present a theorem which relates the
average bit probability of signals to certain properties of the
signal. We then show that the theorem is valid for a zeromean Gaussian signal in two’s complement representation.
Consider a signal represented using a word-length of B

bits. The signal values are represented using 2B distinct binary representations. Let N = 2B-1 and { u ~ , u ~ , ~ ~ ~ , u ~ } ,
{bi, b 2 , . . . , b N } denote two sets of N symbols, where each of
the symbols corresponds to a particular bit representation.
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Let P ( a i ) , P ( b i ) denote the probability values of the symbols ai,bi, respectively. The following theorem relates the bit
probability to certain properties of the symbols a l , a 2 , . . . , a N ,
bl,b2,...,biv.
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Theorem 1 If the symbols a1,a2, . . . , a ~ b,l , b2, . . . , bN of a
signal are such that, for each ai there is a b, with P(ai) =
P ( b i ) and the bit representations of a i , bi are complements of
each other then, bat probability is 0.5 f o r each of the B bits.

Proof: To prove the theorem, we use the conditions that
the symbols a i , a2, . . ., a N , b l , b2, . . .,bN satisfy and the fact
that the cumulative sum of the probability values associated
with the symbols ai’s and bi’s is 1, i.e.,

Figure I: Probability distribution of the word values
Using (2) and ( 6 ) , the expression for bit probability ( p j ) can
be written as,

N

P(ai)

pj =
aiESj

i=l

We will prove the above theorem for an arbitrary bit j. The
bit j is 1 in the bit representation of exactly N symbols and 0
for the bit representation of the other N symbols. This is due
to the fact that we have 2B (2N) distinct binary representations for the signal values. Let Sj denote the set of symbols
for which the bit j is 1 and Sj denote the set of symbols for
which the bit j is 0. Sincethe symbols have distinct bit representations the sets S j , Sj are disjoint sets. The probability
of a bit j , denoted by p j is given by the following expression,

The set S, cannot contain symbols that have bit representations that are complements of each other. It would violate the
condition that S, contains symbols for which the b i t j i s 1.
Hence for every symbol a , E S, , there is a symbol b, E S, that
has the complement bit representation of symbol a,. Since,
the probability values of the symbols a, and b, are the same,
we can relate the sum of the probability values of the symbols
a , E S, and b, E $ by the following equation,
(3)
Similarly, the sum of the probability values of the symbols
are related by the following equation,
bi E Sj and ai E

P(bi) =
b,€Sj

P(ai),
a,

Since Sj and 5 are disjoint sets that contain all the symbols,
Eqn. (1) which is an expression for the cumulative sum of
the probability values associated with all the symbols can be
rewritten as,

P(ai)
a;€Sj

+ >: P(b,) + >: P ( a i ) +
b;ESj

a;

P ( b i ) = 1 (5)
b;

€5

Using (3) and (4) in (5),

P(ai)

2
a;ES,

+2

P(bi) = 1
b;€Sj

(6)

P ( b ; ) = 0.5

(7)

b;€Sj

Theorem 1 relates the probability of the bits t o the properties of the symbols which correspond to a binary representation of the signal word value. The properties of the symbols
depend on the probability density function and the type of
encoding. In general, a signal with any probability density
function that is symmetric about zero amplitude and uses either two’s-complement or one’s-complement signal encoding
with sufficient number of bits satisfies the conditions on the
symbols given in Theorem 1. Hence, by Theorem 1 the probability of each of the bits is 0.5 for all such signals. We will
show this result for the two’s-complement representation of a
zero-mean Gaussian signal.

Corollary 1 For a zero-mean Gaussian signal, the bit probability (pi) in the two ’s-complement representation is 0.5
Proof: Let a l , a 2 , . . . , U N denote the two’s-complement
representation of the positive signal word values in the
increasing order.
Let b l , b2, . . . , bN denote the two’scomplement representation of the negative signal word values
in the decreasing order. Figure 1 shows the notations described. Note that the bit representations of (ai,bi) Vi, are
complements of each other. Let PI,Pz,.
. . , PN denote the
probability values P ( a l )corresponding t o each of the ai’s. A
Gaussian signal is symmetric about the mean and hence, we
can relate P ( a i ) and P ( b ; ) . This relationship is shown below.

P(ai) = P ( b i ) = Pi V i

(4)

~q

+

(8)

Since the conditions on the symbols specified in theorem 1
are satisfied, the probability of each of the bits is 0.5.
By Corollary I , the probability of each of the bits in the two’scomplement representation of a zero-mean Gaussian signal is
0.5. Hence the average value of the bit probability is also 0.5.
3 A v e r a g e B i t Transition Activity
In this section, we first present a theorem that relates the
probability of a sign change to the word-statistics of the signal. We then obtain the expression for the most significant
bit (MSB) transition activity. The MSB bit transition activity and the break-points presented in [2] are used to obtain
the expression for average bit transition activity.
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Figure 3: Contour plot for a particular value of k
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Figure 4: Transformed contour plot

variance o2 and correlation

jointly Gaussian with

1
< 0 , x t 2 0 ) = -cOs-l(p)
27r
0,xt

1

< 0 ) = -cos-’(p)
27r

Fig. 4 shows the plot of the above equation and the corresponding end points. Eqn. (14) can be rewritten as,

(9)

(10)

function f of the random vari-

a , b denote 11and 11respectively. Let A,
denote the area of the shaded region. The value of A,
can be obtained by integrating the area under the curve
2 2 =
and deleting the area of the two right
triangles. The following expression relates the area under the
curve and the area under the shaded region denoted by A,.

id-,

Fig. 2 shows the pl
prove the probabilit
tive signal value ( P
P(t-’+) is given by,

joint density function and the
probability density function is
1 to P(t-’+).
Hence, we will
Solving the integral yields,

). The probability of sign change

A P(Xt-1

< 0 , X t L 0)

cos-1 ( p )

,- 2 d i - 7

(12)

The total area of the contour can be computed as the area of
the ellipse and it is given by,
7r

this ratio is va
of the volume

ontours and it also denotes the ratio

7r

The ratio of the area in the shaded region t o the total area of
the contour is given by,

1
-cos-l(p)
27r

(19)

Observe that the ratio is independent of k, the constant for
the contour. Hence, the probability of sign change P(t-’+)
is given by the following expression,
and performing the change of

(14)
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p(t-’+)

= -c o s - l ( p )
27r

(20)

0.50
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Average Bit Temporal Correlation

In [3],an exact relation between the transition activity, probability and temporal correlation for a single bit signal was
presented. This relation is given by (25):

ti = 2pi(1 - p i ) ( l - p i ) ,

T (analytical expression)

Figure 5 : Validation of analytical expression for average bit
transition activity
Theorem 2 relates the word-statistics to the probability of
a sign change between consecutive word-values. The MSB
bit is the sign-bit in one’s-complement, two’s-complement or
the sign magnitude encoding of the signal. Hence, the MSB
bit transition activity ( t m s b ) in the one’s-complement, two’scomplement or the sign magnitude encoding of the signal is
given by,
tmsb

+ p(t+’-)

= P(t-’+)

1
= -cos-l(p)
lr

+lOgz(J1-pZ-t

+

lp1/8)

(26)

The average bit transition activity T is given by,

1

B

T=-Eti
B
i=l

0.5
B

B

T = 0.5 - -

1
(1 - r ) -cos-’(p)
7.r

ti = 0.5(1 - p i )

Substituting (26) in (27) we obtain,

(24)

r is the ratio of the average value of the break points BPo, BPI
and the signal word-length B. To experimentally validate

pi = 0.5 - 0.5pavg.
i=l

Rearranging (28) we obtain the following relationship between
the average bit transition activity ( T ) and the average bit
temporal correlation (paus).
pavg

(22)

BPI = Zogz(3a)
(23)
In this work, we use the above break-points and Eqn. (21)
to compute the average bit transition activity. The uniform
white noise model is valid for the least significant bits up t o
the break point BPo. The transition activity of these bits is
0.5. The transition activity of the sign bits, bits from the most
significant bit t o BPI is given by (21). For the bits between
BPo and BPI a linear approximation between 0.5 and t m s b
is used to obtain the bit transition activity. The average bit
transition activity ( T ) is the sum of the bit transition activity
values divided by the word-length. It is given by the following
expression,

T = 0.5 r

where ti is the transition activity, pi is the probability and p i
is the temporal correlation of bit i. By corollary 1, the bit
probability (pi) of a zero-mean Gaussian signal with a two’s
complement encoding is 0.5 for all the bits. Substituting the
values of pi ’s in (25),

(21)

The dual bit-type (DBT) model for word-level signals was
proposed in [2].The DBT model has two break points, BPo
and BPI , that are computed using the word-level statistics
of the signal. The expressions for the break points BPo, Bpi
presented in [2]are given by Eqns. (22) and (23) below,

BPo = Zogz(g)

(25)

= 1 - 2T

(29)

Thus, paug can be computed from the word-statistics using
(24) and (29).

5

Conclusion

In this paper, we presented analytical expressions for the bit
statistics. We derived the result for the bit probability and the
average bit probability. This was used to relate the average
bit transition activity t o the average bit temporal correlation.
We developed a simple analytical expression for the average
bit transition activity. We compared the average bit transition activity obtained by our model with a long simulation to
verify the accuracy of the analytical expression. Hence, given
the word-statistics of a signal, the bit statistics average bit
probability, average bit temporal correlation, and average bit
transition activity can be computed analytically.
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