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ABSTRACT

A gradient descent, iterative soft-decision algorithm for de-
coding Reed-Solomon codes using adaptive parity check
matrices has been proposed recently. This algorithm outper-
forms all known Reed-Solomon soft-decoding algorithms
at moderate SNR. However, many applications operate at a
high SNR with frame error rate requirements in the range
of �����

� �����. At these frame error rates, simula-
tion based performance validation is prohibitive. In this
paper, we present a model to analytically compute the soft-
decoding algorithm performance. Using the insight obtained
from this model, we propose a low complexity, non-iterative
algorithm using adaptive parity check matrices, with a simi-
lar decoding performance as the original iterative algorithm.
We also propose an extension to the non-iterative algorithm
which improves on the decoding performance of the itera-
tive algorithm.

1. INTRODUCTION
Reed-Solomon (RS) codes are a class of linear block codes
that are maximum distance separable (MDS), i.e, they achieve
the largest possible minimum distance between codewords
for the allowed redundancy. In addition, for these codes, er-
rors upto half the minimum distance can be efficiently cor-
rected, using algorithms such as the Berlekamp-Massey al-
gorithm [1] and the Euclid algorithm [1]. Consequently, RS
codes are widely used for error-correction in communica-
tion systems. There has been substantial research directed
toward developing algorithms which improve performance
by decoding beyond half the minimum distance of the code.
Most of these algorithms are soft-decision decoding algo-
rithms in that they use the reliability of the received infor-
mation in the decoding process. Well-known soft-decoding
algorithms include generalized minimum distance decoding
[2], Chase decoding [3], ordered statistics decoding [4], and
algebraic soft-decision decoding [5]. The performance im-
provement of these algorithms over traditional decoding is
obtained at the cost of increased decoding complexity.
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The adaptive parity check based soft-decoding (APC-
SD) algorithm proposed in [6], is a gradient descent algo-
rithm, based on a modified form of belief propagation [7]
on the parity check matrix of the RS code. This paper deals
with an expectation based analysis of the performance of
this algorithm. This analysis motivates non-iterative vari-
ants, which either meet or exceed the performance of the
original algorithm.

The rest of the paper is organized as follows. Section 2
describes the gradient descent based iterative soft-decoding
algorithm proposed in [6]. Section 3 presents the analytical
model for the performance of the APC-SD algorithm. Sec-
tion 4 presents non-iterative algorithms based on the con-
cept of adaptive parity check matrices. Finally, conclusions
are given in Section 5.

2. ADAPTIVE PARITY CHECK BASED
SOFT-DECISION DECODING

Let � denote the number of code-symbols and � denote the
number of data symbols in a RS code, defined over a Galois
field with �� elements. For this ��� ��RS code over�� ����,
the parity check matrix �, can be represented as:

� �

�
����

� � ��
� � � ������

� �� ��
� � � �������

...
...

... � � �

...
� ������ �������

� � � �����������

�
���� (1)

Here � denotes the primitive element of �� ���� [1]. Since
each symbol in �� ���� comprises � bits, the parity check
matrix in (1) can be expressed as a binary matrix of size
���������. An example of the binary parity check matrix
for a ��� 	� RS code over �� ���� is given in (2).

Let the binary form of the RS codeword be represented
as: � � ���� ��� � � � � ��� �. Assuming BPSK modulation and
a AWGN channel, the received vector can be represented
as � � �	�� 	�� � � � � 	�� �, where � � � � �� 
 
. Let � �
���� ��� � � � � ����, a real-valued random vector, denote the
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0) Initialization:
Set step-size: �, maximum iterations: � , iteration index: � � �, and
initial LLR vector ������� �

�
����

�
�.

1) Parity Matrix Adaptation:
a) Order the LLR values with increasing reliability using absolute LLR

values ���������.
b) Reduce to unit weight, ��� ��� independent columns of�

corresponding to ��� ��� low-reliability bits; thus obtain ���� .
2) Gradient Descent Update:

a) Generate the extrinsic information vector �������, using ����

and �������.
b) Update the LLR vector as: ��������� � ������� � ��������

3) Hard Decision:

��� �

�
� 	��������� 
 �

� 	��������� � �

4) Termination Branch:
If � � � and � � �� �� � then increment � and return to Step 1;

else output hard-decision bit vector: ��.

Fig. 1. Pseudo-code of the Adaptive Parity Check Soft-
Decoding (APC-SD) algorithm.

soft-estimate of the transmitted codeword. The initial log-
likelihood ratio (LLR) vector associated with this received
vector is given by ���� �

�
����

�
�.

������ �

�
�������

��� ��� ��� ��� ��� ��� ���
��� ��� ��� ��� ��� ��� ���
��� ��� ��� ��� ��� ��� ���

��� ��� ��� ��� ��� ��� ���
��� ��� ��� ��� ��� ��� ���
��� ��� ��� ��� ��� ��� ���

�
�������

(2)
The binary parity check matrix � and the initial LLR vec-
tor ���� are the two inputs required to run a message pass-
ing algorithm [7], which iteratively refines the LLR vector.
Such iterative algorithms are known to perform well in the
absence of short cycles in the graph of � [8]. However, the
MDS property of the RS code leads to a high density of 1’s
in the � matrix and hence to short cycles. As a result, the
binary matrix � in a standard form as in (2) is not suitable
for running a message passing algorithm.

The main contribution of the adaptive parity check soft-
decoding (APC-SD) algorithm of [6] is the insight that mes-
sage passing algorithms will run effectively on high density
parity check matrices, if cycles are eliminated within the
subgraph corresponding to the low reliability received bits.
The complete algorithm of [6] is summarized in Fig. 1. The
key step in APC-SD is to transform the binary matrix �

to obtain �� � ��� unit weight columns corresponding to
�� � ��� low-reliability bits of the received vector. Even
though the presentation in [6] is geared toward RS codes,
the APC-SD framework is general and can be used on any
linear block code. A gradient descent algorithm with com-
putations similar to the sum-product decoding algorithm [7]
is then run on the modified parity matrix. The two main
steps in the gradient descent iteration are the check node

update and the bit node update. The check node update
computes the extrinsic information and is given by:

���������� � ����	��

�
	 


���� �����

���	����������

�
� (3)

where 
 and � denote the bit index and the parity check index
respectively. � ��� denotes the set of all bit indices used in
the ��� parity check and� ����
 is the set of all bit indices in
� ��� except index 
. An approximation of (3), which will
be used in our analysis is the min-sum formula [9] given by:

���������� �

�
	 


���� �����

�
���������

�
���
����� �����������

�

(4)
From (4), we can deduce that if the number of hard-decision
errors in a parity check is odd then:


���� ����� �
���������

� ��
�������� else


���� ����� �
��������� � �
��������.
The bit node update step is given by:

�������� �
�

������

����������

where��
� is the set of all parity check indices associated
with bit node 
. Note that this is not the summary operator
discussed in [7], since the summation is over all the extrin-
sic messages incident on the bit node. The gradient descent
step is given by:

���	������ � �������� � ����������

where � denotes the iteration index. This gradient descent
step is shown in vector notation in Step (2)-b of Fig. 1. The
parity check matrix � is adapted during every iteration in
order to reflect the change in the LLR values.

3. ANALYSIS OF THE APC-SD ALGORITHM

In order to analyze the APC-SD algorithm, we make the
following assumptions on the adapted parity check matrix:

1. The �� � ��� unitary weight columns correspond to
the least reliable ��� ��� bits of the received vector.

2. The entries in the �� high weight columns are unbi-
ased Bernoulli i.i.d random variables.

We denote the ������ bits having the least reliability in the
received vector as the low reliability bits and all the other
bits as high reliability bits. Let ��� denote the set of indices
of the high reliability bits and ��	 the index set of the low re-
liability bits. From the first assumption, the low reliability
bits are associated with unit weight parity check columns.
We would like to note that the first assumption is not neces-
sarily true, since the ��� ��� columns corresponding to the
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low reliability bits in the original parity check matrix need
not be independent. We analyze the working of the APC-SD
algorithm under the following three scenarios with respect
to the high reliability bits: (a) no hard-errors, (b) exactly
one hard-error, (c) more than one hard-error.

3.1. Low reliability hard-decision errors
Consider the case where all the hard-decision bit errors are
confined to the low reliability bits. Consequently, each par-
ity check has either a single error or no error. If the � ��

parity check contains an error at the bit index �, then the
extrinsic information of the erroneous bit �� � in the first iter-
ation is given by:

�������� � ��������������������� � � ��	� ��� �� �� (7)

where the sign is opposite of that in ����� since the parity
check contains only one error, and

������� � 	��
�����
�� ��������
���

Hence in the bit node update step, the extrinsic informa-
tion of each erroneous bit moves the LLR toward the cor-
rect hard decision region. In addition, the gradient would be
large since ������� � ����� for all � � ��	. The expectation
of the bit update for the high-reliability bits can be written
as:

� ���������� � �

�
� �
������

����������

�
�

� ���������������� � ����� ����	

with � � ���� ��� � ��, where � is the number of low re-
liability errors, and ��	 � ���������

��� � ��	�. The LLR
of high reliability bits increases in the correct direction if
��� ���� � �.

As a result, if the number of low reliability errors are
lesser than �� � ����, both the low reliability bit LLRs
and the high reliability bit LLRs are modified in the correct
direction. Under such conditions, the hard-decision vector
is guaranteed to converge to the correct transmitted code-
word.

3.2. Single high reliability hard-decision error
We now consider the scenario of one error in the high reli-
ability bits and � errors in the low reliability bits. For the
high reliability hard-error bit, the expected number of par-
ity checks having a single error is �� � ���� � ��� and
the expected number of parity checks with double errors is
���. Hence, the expectation of the bit node update for the
erroneous high-reliability bit in the first iteration is:

� ���������� � ����������������� ����� ����	 (9)

where � � ���� ��� �� ��. Hence, the extrinsic information
changes the LLR toward the correct decision region, if ���

���� � �. The gradient in the bit node update step is pro-

portional to ��� ����� �. A bound on �
�

�
����� � �

�
for� � � can be determined as follows. Using the DeMoivre-
Laplace theorem [10], � can be characterized as a � ����
�������� Gaussian random variable, where � is the prob-
ability of a bit error using BPSK transmission over the chan-
nel. Consider a channel SNR and code parameters, which
result in frame error rate � �
	 in AWGN using a bounded
minimum distance decoding algorithm. Under such a con-
dition, � � �����

�� . We then have that:

�

�
�

��� ��
� �

	
�

��
���

���

�
���

�

	
(10)

where � �



������
����� 

�
�� �

�

�
. The right hand side of

(10), exponentially tends to zero for values of � � �
� . The

value of the exponent is proportional to the code minimum
distance and the field size exponent. It should be noted that
with iterations, the gradient in (9) reduces since the number
of low-reliability errors � increase. This occurs due to the
LLR sign reversal of the correct low reliability bits involved
in parity checks with the high reliability erroneous bit.

Based on (10), for a code over large fields, the gradi-
ent in (9) significantly reduces the absolute LLR of the high
reliability hard-error bit with iterations, till it is eventually
assigned to the set of low reliability bits. Under such a con-
dition, we are back in the first case and convergence to the
correct codeword is very likely.

3.3. Multiple high reliability hard-decision errors
The scenario of multiple high reliability errors is illustrated
by the two high reliability bit error case. The expectation
of the bit update equation for the erroneous high-reliability
bits is given by:

� ���������� � �����������������
� ��� ���
 �

���� ���
� ��
����	 (11)

where � � ���� ��� �� ��. The three terms in (11), involving
�� � ���
 and ��
 represent the number of parity checks
with three errors, two errors, and one error respectively.
Hence, we have that for these two erroneous bits:

� ���������� � � � � ��� ��� �� �� (12)

Since the high reliability erroneous bits do not change their
LLRs with iterations, the LLR of the ��� ����� ��� ex-
pected low reliability correct bits, with one error in their
parity check, change towards the wrong hard-decision re-
gion. All these low reliability bits can potentially be dis-
tributed among different symbols in the transmitted code-
word. Thus the received vector converges to a codeword at
a very large Hamming distance from the transmitted code-
word in �� ���. The analysis can be repeated for the case
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Fig. 2. Comparison of RS decoding algorithms for the
����� ���� code over�� ����

of greater than two high reliability errors where it can also
be shown that the magnitude of the extrinsic information is
small for the high reliability hard-error bits.

3.4. Analytical model
From the preceding discussion, it appears that irrespective
of the code-parameters and the channel SNR, decoding fail-
ure is likely in the APC-SD algorithm for the case of greater
than one high-reliability error. Consequently, the probabil-
ity of decoding failure of the APC-SD algorithm can be ex-
pressed as:

���
���

�
�

�

� �t errors in �� bits������		
�� � ��������

(13)
where � is the �� � ��� 	 
 largest random variable in
a set of �� i.i.d random variables, each of which has the
density of the absolute value of the initial LLR, given by
� � ������� �����	�������� �����. The density func-
tion of � is given by:

����� �

�
� �������

������
����� �
� ������

������
� � �

� � � �

where � � �����
�������	�������� The expression in (13) can be

numerically evaluated given the channel SNR and the code
parameters. The decoding performance of the APC-SD al-
gorithm for the high rate ����� ���� RS code using (13) is
shown in Fig. 2. Also shown is the performance of this al-
gorithm as obtained from simulations at moderate SNRs. It
is seen that the two match well.

4. NON-ITERATIVE ADAPTIVE PARITY CHECK
ALGORITHMS

Based on the preceding discussion, we now derive a non-
iterative low-complexity algorithm, based on the ordered

0) Initialization:
Initialize ���� � �����.

1) Parity Matrix Adaptation:
a) Order the LLR values in increasing reliability using absolute LLR

values ���.
b) Reduce to unit weight, ��� ��� independent columns of �

corresponding to ��� ��� low-reliability bits; thus obtain ��.
2) Hard Decision:

��� �

�
� ���������� � �

� ���������� � �

3) Classify received vector:
� � �� � ��. If �	��� 
 �, then goto Step 4 else goto Step 5.

4) Low-reliability errors:
For all �� � � determine � = arg(unit weight column of �� with 1 in
��� row). Set ���� � ���� � �. Terminate.

5) Mixed errors:
a) Compute � � �����������

��� � ����. Set ��� � ��� � �.

b) Compute � � �� � ��.
c) Goto Step 4.

Fig. 3. Pseudo-code of the Non-iterative Adaptive Parity
Check (NI-APC) algorithm.

statistics decoding (OSD) concept [4], which mimics the ef-
fect of the iterative steps in the APC-SD. The pseudo-code
of the Non-iterative Adaptive Parity Check (NI-APC) algo-
rithm is given in Fig. 3. It should be noted that the NI-APC
algorithm is similar to a binary form of the OSD(1) scheme
described in [4].

In the NI-APC algorithm, we first detect if the current
received vector contains errors in the high reliability posi-
tions. This can be done by determining the weight of the bit
syndrome vector obtained using the adapted parity check
matrix and the hard received input vector. Since the high
reliability bits have large weight columns, a single error in
a high reliability position corresponds to a weight of about
�� � ����� in the syndrome vector. In contrast, a low re-
liability bit error only leads to a unit increase in the syn-
drome vector weight. The distribution of the syndrome vec-
tor weight for the ����� ����RS code over�� ���� is shown
in Fig. 4. The syndrome vector weight density can also be
computed analytically to set an optimal threshold � in Step
3 of the NI-APC algorithm. In the case of high reliabil-
ity hard-errors, the bit corresponding to the column of �,
which has the highest correlation with the syndrome vector
is declared to be in error and its hard-decision is flipped.

The simulation performance of the NI-APC algorithm
is shown in Fig. 2. It is seen that it closely matches the
performance of the APC-SD algorithm. The NI-APC algo-
rithm has lower complexity compared to the APC-SD al-
gorithm since all iterations involving soft-values have been
eliminated. It should be noted that NI-APC will not match
the APC-SD performance for all codes and for all SNR val-
ues. In particular, the FER of the NI-APC will increase at
an SNR and for code parameters at which the two modes
in Fig. 4 are not well separated. For such cases, decoded
vector likelihoods, should augment the correlation metric to
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Fig. 4. Density of the syndrome vector weight for the
����� ���� code over �� ���� at ��� � 	�
 ��.

5) Mixed errors:
a) Compute ����� � ��������

��� � ����. Let �� be the argument.
b) If ������ � ������ � 	, then:

i] �
�� � �
�� � �.
ii] Compute � � �� � ��.
iii] For all �� � � determine �� = arg(unit weight column of �� with

1 in ��� row). Set �
�� � �
�� � �. Terminate.
c) Else:

i] Compute ����� � ����������
��� � ���� � �����.

Let ��� ��� be the arguments.
ii] If ����� � ����� � Æ goto Step 5 (b)-[i].
iii] �
�� � �
�� � �, �
�� � �
�� � �.
iv] Goto Step 5 (b)-[ii].

Fig. 5. Pseudo-code of the Extended Non-iterative Adaptive
Parity Check (ENI-APC) algorithm.

classify the received vector (Step 3) and to determine the
high reliability bit in error (Step 5-(a)).

We now propose an extension to deal with the two-error
case to improve the performance of the non-iterative algo-
rithm. This extension is similar to the OSD(2) scheme of
[4]. The pseudo-code of the Extended Non-iterative Adap-
tive Parity Check (ENI-APC) algorithm is given in Fig. 5.
The first four steps are identical to the NI-APC algorithm of
Fig. 3. The modification proposed pertains to Step 5, which
detects and corrects two high reliability hard-errors.

The main additional complexity is in Step (5)-(c)[i], which
computes correlations of the syndrome vector with the XOR
of two columns of the adapted parity check matrix. A straight
forward implementation of this procedure requires 	
��	
�
���� � �� � 	�
 XOR operations and an equal amount

of AND operations. This is ������

������� times the complex-
ity of generating the adapted parity check matrix. For the
����� ���� RS code, this ratio is around 14. However, since
the algorithm is not iterative, we save on the repeated parity
matrix adaptations of the APC-SD algorithm. In addition,
the two-error testing branch is taken with a low probability
which varies inversely with SNR. The performance of the
ENI-APC algorithm is shown in Fig. 2.

5. CONCLUSIONS

We have presented an expectation based analysis of the de-
coding performance of the adaptive parity check soft-decision
decoding algorithm. Based on this analysis, we have also
proposed two non-iterative algorithms using adaptive par-
ity check matrices that meet and extend the performance of
the original algorithm for the important case of the high rate
����� ���� RS code.
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